Contents

Part I History

Chapter 1. The Early History of Automated Deduction 3 Martin Davis

1 Presburger’s Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2 Newell, Shaw & Simon, and H. Gelernter . . . . . . . . . . . . . . . . 6 3 First-Order Logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Part II Classical Logic

Chapter 2. Resolution Theorem Proving 19 Leo Bachmair and Harald Ganzinger

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3 Standard Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4 A Framework for Saturation-Based Theorem Proving . . . . . . . . . 34 5 General Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6 Basic Resolution Strategies . . . . . . . . . . . . . . . . . . . . . . . . 59 7 Refined Techniques for Defining Orderings and Selection Functions . . 66 8 Global Theorem Proving Methods . . . . . . . . . . . . . . . . . . . . 84 9 First-Order Resolution Methods . . . . . . . . . . . . . . . . . . . . . 89 10 Effective Saturation of First-Order Theories . . . . . . . . . . . . . . . 91 11 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

Chapter 3. Tableaux and Related Methods 101 Reiner Hähnle

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 3 The Tableau Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4 Clause Tableaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5 Tableaux as a Framework . . . . . . . . . . . . . . . . . . . . . . . . . 152 6 Comparing Calculi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 7 Historical Remarks & Resources . . . . . . . . . . . . . . . . . . . . . 167 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Chapter 4. The Inverse Method 179 Anatoli Degtyarev and Andrei Voronkov

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 3 Cooking classical logic . . . . . . . . . . . . . . . . . . . . . . . . . . . 186 4 Applying the recipe to nonclassical logics . . . . . . . . . . . . . . . . 209 5 Naming and connections with resolution . . . . . . . . . . . . . . . . . 219 6 Season your meal: strategies and redundancies . . . . . . . . . . . . . 232 7 Path calculi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 8 Logics without the contraction rules . . . . . . . . . . . . . . . . . . . 255 9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

Chapter 5. Normal Form Transformations 273 Matthias Baaz, Uwe Egly, and Alexander Leitsch

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 2 Notation and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 278 3 On the Concept of Normal Form . . . . . . . . . . . . . . . . . . . . . 287 4 Equivalence-Preserving Normal Forms . . . . . . . . . . . . . . . . . . 289 5 Skolem Normal Form . . . . . . . . . . . . . . . . . . . . . . . . . . . 295 6 Conjunctive Normal Form . . . . . . . . . . . . . . . . . . . . . . . . . 306 7 Normal Forms in Nonclassical Logics . . . . . . . . . . . . . . . . . . 323 8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332

Chapter 6. Computing Small Clause Normal Forms 335 Andreas Nonnengart and Christoph Weidenbach

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338 3 Standard CNF-Translation . . . . . . . . . . . . . . . . . . . . . . . . 340 4 Formula Renaming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347 5 Skolemization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352 6 Simplification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 359 7 Bibliographic Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363 8 Implementation Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 364

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

Part III Equality and other theories

Chapter 7. Paramodulation-Based Theorem Proving 371 Robert Nieuwenhuis and Albert Rubio

1 About this chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380 3 Paramodulation calculi . . . . . . . . . . . . . . . . . . . . . . . . . . 385 4 Saturation procedures . . . . . . . . . . . . . . . . . . . . . . . . . . . 399 5 Paramodulation with constrained clauses . . . . . . . . . . . . . . . . 414 6 Paramodulation with built-in equational theories . . . . . . . . . . . . 421 7 Symbolic constraint solving . . . . . . . . . . . . . . . . . . . . . . . . 425 8 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427 9 Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 428 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 432 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 440

Chapter 8. Unification Theory 445 Franz Baader and Wayne Snyder

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447 2 Syntactic unification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 450 3 Equational unification . . . . . . . . . . . . . . . . . . . . . . . . . . . 469 4 Syntactic methods for E-unification . . . . . . . . . . . . . . . . . . . 488 5 Semantic approaches to E-unification . . . . . . . . . . . . . . . . . . 503 6 Combination of unification algorithms . . . . . . . . . . . . . . . . . . 513 7 Further topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 519 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 521 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 530

Chapter 9. Rewriting 533 Nachum Dershowitz and David A. Plaisted

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535 2 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 539 3 Normal Forms and Validity . . . . . . . . . . . . . . . . . . . . . . . . 542 4 Termination Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 543 5 Church-Rosser Properties . . . . . . . . . . . . . . . . . . . . . . . . . 556 6 Completion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 564 7 Relativized Rewriting . . . . . . . . . . . . . . . . . . . . . . . . . . . 572 8 Equational Theorem Proving . . . . . . . . . . . . . . . . . . . . . . . 578 9 Conditional Rewriting . . . . . . . . . . . . . . . . . . . . . . . . . . . 582 10 Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 590

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 594 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 605

Chapter 10. Equality Reasoning in Sequent-Based Calculi 609 Anatoli Degtyarev and Andrei Voronkov

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611 2 Translation of logic with equality into logic without equality . . . . . 626 3 Free variable systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 635 4 Early history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 642 5 Simultaneous rigid E-unification . . . . . . . . . . . . . . . . . . . . . 644 6 Incomplete procedures for rigid E-unification . . . . . . . . . . . . . . 651 7 Sequent-based calculi and paramodulation . . . . . . . . . . . . . . . 658 8 Equality elimination . . . . . . . . . . . . . . . . . . . . . . . . . . . . 665 9 Equality reasoning in nonclassical logics . . . . . . . . . . . . . . . . . 677 10 Conclusion and open problems . . . . . . . . . . . . . . . . . . . . . . 689 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 691 Calculi and inference rules . . . . . . . . . . . . . . . . . . . . . . . . 701 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 702

Chapter 11. Automated Reasoning in Geometry 705 Shang-Ching Chou and Xiao-Shan Gao

1 A history review of automated reasoning in geometry . . . . . . . . . 707 2 Algebraic approaches to automated reasoning in geometry . . . . . . . 710 3 Coordinate-free approaches to automated reasoning in geometry . . . 730 4 AI approaches to automated reasoning in geometry . . . . . . . . . . 732 5 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 738 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 739 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 747

Chapter 12. Solving Numerical Constraints 749 Alexander Bockmayr and Volker Weispfenning

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 751 2 Linear constraints over fields . . . . . . . . . . . . . . . . . . . . . . . 756 3 Linear diophantine constraints . . . . . . . . . . . . . . . . . . . . . . 777 4 Non-linear constraints over continuous domains . . . . . . . . . . . . . 800 5 Non-linear diophantine constraints . . . . . . . . . . . . . . . . . . . . 817 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 821 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 836

Part IV Induction

Chapter 13. The Automation of Proof by Mathematical Induction843 Alan Bundy

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 845 2 Induction Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 846 3 Recursive Definitions and Datatypes . . . . . . . . . . . . . . . . . . . 849 4 Inductive Proof Techniques . . . . . . . . . . . . . . . . . . . . . . . . 853 5 Theoretical Limitations of Inductive Inference . . . . . . . . . . . . . 861 6 Special Search Control Problems . . . . . . . . . . . . . . . . . . . . . 863 7 Rippling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 874 8 The Productive Use of Failure . . . . . . . . . . . . . . . . . . . . . . 888 9 Existential Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . 892 10 Interactive Theorem Proving . . . . . . . . . . . . . . . . . . . . . . . 896 11 Inductive Theorem Provers . . . . . . . . . . . . . . . . . . . . . . . . 898 12 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 901 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 902 Main Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 907 Name Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 909

Chapter 14. Inductionless Induction 911 Hubert Comon

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 913 2 Formal background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 917 3 General Setting of the Inductionless Induction Method . . . . . . . . 923 4 Inductive completion methods . . . . . . . . . . . . . . . . . . . . . . 925 5 Examples of Axiomatizations A from the Literature . . . . . . . . . . 936 6 Ground Reducibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . 946 7 A comparison between inductive proofs and proofs by consistency . . 955 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 956 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 959

Part V Higher-order logic and logical frameworks

Chapter 15. Classical Type Theory 963 Peter B. Andrews

1 Introduction to type theory . . . . . . . . . . . . . . . . . . . . . . . . 965 2 Metatheoretical foundations . . . . . . . . . . . . . . . . . . . . . . . 975 3 Proof search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 985 4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 996 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 997 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1003

Chapter 16. Higher-Order Unification and Matching 1007 Gilles Dowek

1 Type Theory and Other Set Theories . . . . . . . . . . . . . . . . . . 1009 2 Simply Typed λ-calculus . . . . . . . . . . . . . . . . . . . . . . . . . 1016

3 Undecidability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1022 4 Huet’s Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1026 5 Scopes Management . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1033 6 Decidable Subcases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1039 7 Unification in λ-calculus with Dependent Types . . . . . . . . . . . . 1047 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1052 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1059

Chapter 17. Logical Frameworks 1061 Frank Pfenning

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1063 2 Abstract syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1065 3 Judgments and deductions . . . . . . . . . . . . . . . . . . . . . . . . 1073 4 Meta-programming and proof search . . . . . . . . . . . . . . . . . . . 1093 5 Representing meta-theory . . . . . . . . . . . . . . . . . . . . . . . . . 1106 6 Appendix: the simply-typed λ-calculus . . . . . . . . . . . . . . . . . 1117 7 Appendix: the dependently typed λ-calculus . . . . . . . . . . . . . . 1121 8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1128 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1133 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1143

Chapter 18. Proof-Assistants Using Dependent Type Systems 1147 Henk Barendregt and Herman Geuvers

1 Proof checking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1149 2 Type-theoretic notions for proof checking . . . . . . . . . . . . . . . . 1151 3 Type systems for proof checking . . . . . . . . . . . . . . . . . . . . . 1178 4 Proof-development in type systems . . . . . . . . . . . . . . . . . . . . 1209 5 Proof assistants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1221 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1228 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1233 Name index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1236

Part VI Nonclassical logics

Chapter 19. Nonmonotonic Reasoning: Towards Efficient Calculi and Implementations 1241 Jürgen Dix, Ulrich Furbach, and Ilkka Niemelä

1 General Nonmonotonic Logics . . . . . . . . . . . . . . . . . . . . . . 1244 2 Automating General Nonmonotonic Logics . . . . . . . . . . . . . . . 1260 3 From Automated Reasoning to Disjunctive Logic Programming . . . . 1280 4 Nonmonotonic Semantics of Logic Programs . . . . . . . . . . . . . . 1297 5 Implementing Nonmonotonic Semantics . . . . . . . . . . . . . . . . . 1311 6 Benchmarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1332

7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1340 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1341 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1352

Chapter 20. Automated Deduction for Many-Valued Logics 1355 Matthias Baaz, Christian G. Fermüller, and Gernot Salzer

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1357 2 What is a many-valued logic? . . . . . . . . . . . . . . . . . . . . . . . 1358 3 Classification of proof systems for many-valued logics . . . . . . . . . 1361 4 Signed logic: reasoning classically about finitely-valued logics . . . . . 1368 5 Signed resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1377 6 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1389 7 Optimization of transformation rules . . . . . . . . . . . . . . . . . . . 1393 8 Remarks on infinitely-valued logics . . . . . . . . . . . . . . . . . . . . 1395 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1396 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1401

Chapter 21. Encoding Two-Valued Nonclassical Logics in Classical Logic 1403 Hans Jürgen Ohlbach, Andreas Nonnengart, Maarten de Rijke, and Dov M. Gabbay

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1405 2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1410 3 Encoding consequence relations . . . . . . . . . . . . . . . . . . . . . . 1419 4 The standard relational translation . . . . . . . . . . . . . . . . . . . 1423 5 The functional translation . . . . . . . . . . . . . . . . . . . . . . . . . 1440 6 The semi-functional translation . . . . . . . . . . . . . . . . . . . . . . 1455 7 Variations and alternatives . . . . . . . . . . . . . . . . . . . . . . . . 1465 8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1475 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1477 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1483

Chapter 22. Connections in Nonclassical Logics 1487 Arild Waaler

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1489 2 Prelude: Connections in classical first–order logic . . . . . . . . . . . . 1491 3 Labelled systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516 4 Propositional intuitionistic logic . . . . . . . . . . . . . . . . . . . . . 1528 5 First–order intuitionistic logic . . . . . . . . . . . . . . . . . . . . . . 1545 6 Normal modal logics up to S4 . . . . . . . . . . . . . . . . . . . . . . 1553 7 The S5 family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1567 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1573 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1577

Part VII Decidable classes and model building

Chapter 23. Reasoning in Expressive Description Logics 1581 Diego Calvanese, Giuseppe De Giacomo, Maurizio Lenzerini, and Daniele Nardi

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1583 2 Description Logics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1586 3 Description Logics and Propositional Dynamic Logics . . . . . . . . . 1593 4 Unrestricted Model Reasoning . . . . . . . . . . . . . . . . . . . . . . 1598 5 Finite Model Reasoning . . . . . . . . . . . . . . . . . . . . . . . . . . 1610 6 Beyond Basic Description Logics . . . . . . . . . . . . . . . . . . . . . 1619 7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1626 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1626 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1633

Chapter 24. Model Checking 1635 Edmund M. Clarke and Bernd-Holger Schlingloff

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1637 2 Logical Languages, Expressiveness . . . . . . . . . . . . . . . . . . . . 1641 3 Second Order Languages . . . . . . . . . . . . . . . . . . . . . . . . . 1654 4 Model Transformations and Properties . . . . . . . . . . . . . . . . . 1670 5 Equivalence reductions . . . . . . . . . . . . . . . . . . . . . . . . . . 1681 6 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1689 7 Decision Procedures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1700 8 Basic Model Checking Algorithms . . . . . . . . . . . . . . . . . . . . 1711 9 Modelling of Reactive Systems . . . . . . . . . . . . . . . . . . . . . . 1724 10 Symbolic Model Checking . . . . . . . . . . . . . . . . . . . . . . . . . 1735 11 Partial Order Techniques . . . . . . . . . . . . . . . . . . . . . . . . . 1751 12 Bounded Model Checking . . . . . . . . . . . . . . . . . . . . . . . . . 1755 13 Abstractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1759 14 Compositionality and Modular Verification . . . . . . . . . . . . . . . 1764 15 Further Topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1767 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1774 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1788

Chapter 25. Resolution Decision Procedures 1791 Christian G. Fermüller, Alexander Leitsch, Ullrich Hustadt, and Tanel Tammet

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1793 2 Notation and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . 1794 3 Decision procedures based on ordering refinements . . . . . . . . . . . 1802 4 Hyperresolution as decision procedure . . . . . . . . . . . . . . . . . . 1814 5 Resolution decision procedures for description logics . . . . . . . . . . 1830 6 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1842

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1843 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1847

Part VIII Implementation

Chapter 26. Term Indexing 1853 I.V. Ramakrishnan, R. Sekar, and Andrei Voronkov

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1855 2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1859 3 Data structures for representing terms and indexes . . . . . . . . . . . 1866 4 A common framework for indexing . . . . . . . . . . . . . . . . . . . . 1870 5 Path indexing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1875 6 Discrimination trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1884 7 Adaptive automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1891 8 Automata-driven indexing . . . . . . . . . . . . . . . . . . . . . . . . 1901 9 Code trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1909 10 Substitution trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1918 11 Context trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1923 12 Unification factoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1924 13 Multiterm indexing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1929 14 Issues in perfect filtering . . . . . . . . . . . . . . . . . . . . . . . . . 1936 15 Indexing modulo AC-theories . . . . . . . . . . . . . . . . . . . . . . . 1939 16 Elements of term indexing . . . . . . . . . . . . . . . . . . . . . . . . 1944 17 Indexing in practice . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1952 18 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1956 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1957 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1963

Chapter 27. Combining Superposition, Sorts and Splitting 1967 Christoph Weidenbach

1 What This Chapter is (not) About . . . . . . . . . . . . . . . . . . . . 1969 2 Foundations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1971 3 A First Simple Prover . . . . . . . . . . . . . . . . . . . . . . . . . . . 1975 4 Inference and Reduction Rules . . . . . . . . . . . . . . . . . . . . . . 1983 5 Global Design Decisions . . . . . . . . . . . . . . . . . . . . . . . . . . 2002 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2010 A Links to Saturation Based Provers . . . . . . . . . . . . . . . . . . . . 2013 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2014

Chapter 28. Model Elimination and Connection Tableau Procedures 2017 Reinhold Letz and Gernot Stenz

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2019

2 Clausal Tableaux and Connectedness . . . . . . . . . . . . . . . . . . 2020 3 Further Structural Refinements of Clausal Tableaux . . . . . . . . . . 2038 4 Global Pruning Methods in Model Elimination . . . . . . . . . . . . . 2042 5 Shortening of Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2051 6 Completeness of Connection Tableaux . . . . . . . . . . . . . . . . . . 2064 7 Architectures of Model Elimination Implementations . . . . . . . . . . 2072 8 Implementation of Refinements by Constraints . . . . . . . . . . . . . 2094 9 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 2104 10 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2109 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2111 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2115

Concept index 2117

Chapter 22

Connections in Nonclassical Logics

Arild Waaler

Second readers: Hans de Nivelle, Christoph Kreiz, and Lincoln Wallen.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1489 2 Prelude: Connections in classical first–order logic . . . . . . . . . . . . . . . . . . . . 1491 2.1 Introduction: a sequent calculus perspective on classical matrices . . . . . . . . 1491 2.2 Language and models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 2.3 Free variable LK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 2.4 Free variable tableaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1502 2.5 Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1503 2.6 Permutation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1508 2.7 Soundness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1510 2.8 Model existence and completeness . . . . . . . . . . . . . . . . . . . . . . . . . 1513 2.9 From calculus to search procedure . . . . . . . . . . . . . . . . . . . . . . . . . 1514 3 Labelled systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516 3.2 Syntax of labels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1521 3.3 Unification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1523 3.4 Unification by constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1527 4 Propositional intuitionistic logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1528 4.1 Free variable systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1528 4.2 A ground single step system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1533 4.3 Completeness of the free variable system . . . . . . . . . . . . . . . . . . . . . 1540 4.4 Connection–driven proof–search . . . . . . . . . . . . . . . . . . . . . . . . . . 1542 5 First–order intuitionistic logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1545 5.1 Term language . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1546 5.2 A free variable system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1546 5.3 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1549 6 Normal modal logics up to S4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1553 6.1 Modal systems: language and models . . . . . . . . . . . . . . . . . . . . . . . 1553 6.2 Free variable propositional systems . . . . . . . . . . . . . . . . . . . . . . . . . 1556 6.3 Single step propositional systems . . . . . . . . . . . . . . . . . . . . . . . . . . 1560 6.4 First–order systems with cumulative or varying domains . . . . . . . . . . . . . 1565 7 The S5 family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1567 7.1 Term language . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1568 7.2 Free variable systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1569

HANDBOOK OF AUTOMATED REASONING Edited by Alan Robinson and Andrei Voronkov © 2001 Elsevier Science Publishers B.V. All rights reserved

7.3 Ground single step systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1571 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1573 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1577

1. Introduction

There has in the last decade been a renewed interest in the study of proof systems for nonclassical logics. This is partly due to the fact that nonclassical systems continue to find new applications in areas related to computation, some of which put high demands on the proof system. But the increased activity has to a large extent also been stimulated by new syntactical frameworks proposed entirely within the logical community itself like labelled deductive systems [Gabbay 1996], display logic [Belnap 1982] and systems of hypersequents [Avron 1991]. These frameworks have enabled researchers to design nonclassical systems which overcome some of the antinomies of the earlier, destructive systems.

The goal of this chapter is to give an exposition of nonclassical systems which admit connection–driven search. Systems of this kind belong to the family of labelled or prefixed systems. In section 2.1 I argue that connection–driven search relies on full permutability between inferences. The core systems presented in the chapter possess this property.

Scope. To keep the scope at a manageable level I have restricted the exposition to intuitionistic logic and some of the most basic modal systems. In the literature the freely permuting systems have either been presented as matrix systems or as systems of prefixed tableaux with free variables. Since they are best understood in relation to systems with ground prefixes, I have also included an exposition of systems in the latter category. Many of the systems are presented in an original way. I have also given new proofs of of some of the main results, even though the main ideas are well–known from the literature.

Perspective. I have tried to present a method for the design of a particular type of proof systems rather than giving a complete catalogue of nonclassical systems at their current level of sophistication. In particular, I have tried to clarify the logical foundation of the calculi. The dominant perspective has been to view the systems from the point of view of permutation. Much less will be said about particular search procedures and implementations; in fact we shall barely reach the point where discussion of efficient proof–search procedures can begin. The agenda for the chapter is to show the conditions under which standard search methods apply to nonclassical logics, at least to the degree they are independent of normal forms.

Systems. The sheer fact that many of the ideas and results in the field have been formulated within different logical settings makes a uniform presentation difficult. The direct use of connections in nonclassical logic has been limited to matrix characterizations. It can hardly be denied that the syntax of these systems is rather involved. A main objective for this work has been to present the idea underlying the matrix systems in a simpler way, and in a way which also accommodates the related activity within the tableau community. Since sequent calculi are particularly well suited for the study of permutation, I work predominantly with sequent calculus formulations. However, to do justice to the role of connections, I have established a relationship between matrices, tableaux and sequent calculi without using normal forms. This is spelled out for classical first–order logic in section 2 and explains the rather lengthy section on classical logic. Many of the main constructions used in the analysis of nonclassical systems are first presented for classical logic and then used extensively in later sections.

Guided trip. For an exposition at an informal level, the reader may be content with just reading the introductory paragraphs in sections 2 and 3. The main ideas are presented in these two sections. For a quick read at a technical level I invite the reader to a guided trip. I shall at the same time make three central remarks at points where the exposition deviates from main sources in the literature. Following the trip, be aware that you sometimes will have to figure out the meaning of concepts from the way they are used.

The purpose of section 2 is to introduce basic concepts, correspondences and methods in a way which generalizes to the nonclassical systems. The classical first– order system is a variant of the free variable tableaux with run–time skolemization and delayed instantiation, cnf. [Fitting 1996]. The system, given in figure 1 on page 1498, has free variable rules and no eigenparameter conditions. Skeletons are closed by unifiers. Look briefly at examples 2.4 and 2.6. The latter example uses the notions of variable–sharing and pure variable skeletons. A skeleton in the former class corresponds, roughly, to a matrix; a skeleton in the latter class is essentially a free variable tableau. Pure variable skeletons can be used to simulate derivations in ground tableaux with eigenparameter conditions. Hence a completeness argument for ground tableaux also shows the completeness of free variable tableaux. The first central remark is related to this point. It turns out that ground tableaux permit tight termination conditions, while it is far from obvious that these conditions can be used in matrix search. For most of the nonclassical systems I have used tableau methods in the completeness proof. I have therefore, strictly speaking, only given partial completeness proofs for the matrix procedures. This allows me to increase the degree of constructivity in the arguments. The soundness argument for the free variable system is more complex than the proof for ground tableaux (or Gentzen’s LK); the main line of argument is surveyed in the 1–page discussion opening section 2.7.

Labels are addressed in section 3. Labels are finite strings of prefix variables (upper case letters) and prefix parameters (lower case letters) without repetition of symbols. Parameters function as constants. The section contains a detailed exposition of unification. By studying example 3.3 and the rules in table 1 the reader will see the general pattern of the unification algorithm.

Intuitionistic logic is addressed in sections 4 and 5. The propositional rules listed in figure 6 give a rendition of Wallen’s matrix system [Wallen 1990] in the form of a sequent calculus. The system permits free variables in the labels. Free variables are assigned values by label substitutions, which map skeletons into derivations. Look at examples 4.1 and 4.5. Completeness is established nonconstructively via a ground single step system; the rules are listed in figure 7. The construction of countermodels to unprovable sequents is partially formalized. It should be possible to grasp the idea by reading examples 4.7 and 4.12.

The second central remark pertains to the nature of the completeness construction for PSPACE complete propositional systems. The search procedures used in this chapter generate a (possibly) exponential number of minimal derivations rather than one limit derivation with a massive amount of redundancy. I think this gives a better model of the search space. Moreover, I think search procedures should aim at constructing as small objects as possible to witness unprovability. A main intuition is that the label substitutions for the labelled systems can be viewed as projections into the space of minimal derivations.

Modal logics up to S4 are treated in the same way as intuitionistic logic. Examples 6.1, 6.2 and 6.3 illustrate the systems applied to some well–known modal principles. The S5–like systems are treated differently, using labels of length at most 1. Example 7.1 applies the system to a propositional sequent.

The nonclassical proof objects are generated by checking classical proof objects for a particular consistency property. The third central remark has to do with the formulation of this property for quantified systems. Wallen defines the consistency property in terms of the reduction ordering, which requires information about how a matrix has been generated. I have presented the property in a more explicit form by exploiting the labelled language. In the matrix setting the property pertains directly to the matrices which, in each particular example, give rise to a system of equations. Using these equations the consistency condition can be defined exactly as for the propositional systems. An interesting observation is that the constant domain logics require skolemization of prefix parameters (like in [Ohlbach 1988]), while the cumulative and varying domain logics can use a less complex language of labels. The Barcan formula and its converse are studied in cumulative and varying domain systems in example 6.9 and in the constant domain language in example 7.2. A well–known modal fallacy is refuted in the former class of systems in example 6.10 and in the constant domain systems in example 7.3.

2. Prelude: Connections in classical first–order logic

The purpose of section 2.1 is to identify properties which systems with efficient connection–driven proof procedures possess. The rest of section 2 introduces a family of systems and technical material related to soundness and the construction of countermodels. In section 2.9 we shall briefly view the systems from the perspective of proof–search.

2.1. Introduction: a sequent calculus perspective on classical matrices

The basic idea behind matrix methods is to represent a formula as a two– dimensional matrix and characterize provability in terms of properties of the matrix. The idea has a firm logical basis. In first–order classical logic the characterization can be taken as a reformulation of the Herbrand theorem. Characterizations of classical provability in terms of matrices date back to the Swedish logicians Kanger [1957] and Prawitz [1960]. Prawitz used unification to control the term universe; the technique, originally due to Herbrand, received a mature form in Robinson’s important work [1965]. Using Robinson’s unification theory, matrix characterizations were introduced for the automated deduction community independently by Andrews [1981] and Bibel [1981, 1982c]. From a computational point of view their contributions were significant improvements of the work of the Swedish logicians, mainly due to their identification of connection–driven search methods based on unification. For more historical comments on matrices the reader may consult [Bibel 1987].

Let us, as a point of departure, address the following propositional matrix, where the letters P and Q denote atomic formulae:

P^0 R^1 [ P^2 Q^3

Q^4 ]

P^5

The matrix represents the formula (P^0 ∨ R^1) ∨ (((¬P^2 ∧ Q^3) ∨ ¬Q^4) ∧ ¬P^5); indices are given to distinguish different formula occurrences. Observe that the matrix is just an array presentation of the formula in which a horizontal arrangement corresponds to disjunction and a vertical arrangement corresponds to conjunction. To make the representation independent of the negation normal form I have used a meta–negation instead of the object language negation and replaced, e.g., ¬P with P . There are three paths in this matrix: {P^0, R^1, P^2, Q^4}, {P^0, R^1, Q^3, Q^4}, and {P^0, R^1, P^5}. If we draw a line between the formula occurrences in a path, the path will be seen as a horizontal bar through the matrix. A connection is a set of complementary literals. The matrix defines three connections: {P^0, P^2}, {P^0, P^5}, and {Q^3, Q^4}. Since every path through the formula matrix is a superset of one of these connections, the set of connections spans the matrix. Since there is a spanning set of connections, the formula is matrix provable.

The matrix characterization is a relative to the cut–free fragments of Gentzen’s sequent calculus LK [1934–35] and its tableaux variants [Smullyan 1968]. The relationship is particularly close for the propositional fragment. The rules of propositional LK consist of the axiom Γ, A ⊢ A, Δ and the propositional rules of figure 1 on page 1491. Let us say that a complete propositional LK derivation is a derivation without instances of weakening whose leaves contain only atomic formulae. The following complete derivation is an LK proof of the formula at hand:

P^2, Q^4 ⊢ P^0, R^1 P^2 ⊢ P^0, R^1, ¬Q^4 r_7

⊢ P^0, R^1, ¬P^2, ¬Q^4 r_6 Q^4 ⊢ P^0, R^1, Q^3 ⊢ P^0, R^1, Q^3, ¬Q^4 r_8

⊢ P^0, R^1, ¬P^2 ∧ Q^3, ¬Q^4 r_5

⊢ P^0, R^1, (¬P^2 ∧ Q^3) ∨ ¬Q^4 r_4 P^5 ⊢ P^0, R^1 ⊢ P^0, R^1, ¬P^5 r_9

⊢ P^0, R^1, (((¬P^2 ∧ Q^3) ∨ ¬Q^4) ∧ ¬P^5) r_3

⊢ P^0 ∨ R^1, (((¬P^2 ∧ Q^3) ∨ ¬Q^4) ∧ ¬P^5) r_2

⊢ (P^0 ∨ R^1) ∨ (((¬P^2 ∧ Q^3) ∨ ¬Q^4) ∧ ¬P^5) r_1

Each leaf in the derivation corresponds directly to a path in the matrix. The notational redundancy in the LK proof is significant compared to the matrix. One can partly compensate for this by writing only the principal formula and the side formulae, which is what we do in tableau proofs. Tableaux are essentially sequent calculus derivations displayed as directed acyclic graphs.

The matrix representation has two important consequences for the organization of the search space. First, it is possible to design search procedures which operate on a single formula structure. This is achieved by implementing the formula as a shared structure and construct derivations by way of pointers into this structure [Boyer and Moore 1972, Bibel 1982b]. Second, matrices facilitate the specification of connection–driven search procedures.

The first point eliminates the notational redundancy in the syntax of the LK rules. As to the second point, let me first explain the notion of connection–driven search. The basic idea is that connections can be identified in an initial step of the search algorithm and then be used to control further expansion of branches. This may cut off significant parts of the search space. Let us return to the matrix figure above and imagine that R is replaced by a massive formula, say C. This results in a two–dimensional arrangement which we shall call M. A matrix contains only atomic formulae, so M is not a matrix. However, an initial step of the search procedure may already at this point detect the connections {P^0, P^2}, {P^0, P^5}, and {Q^3, Q^4}. M can be extended to a matrix, but regardless of the form of C every path through the resulting matrix must contain one of the three connections. If these connections are selected, one can hence prevent a massive expansion of C, simply by virtue of the three connections.

The formulation of connection–driven search procedures is significantly facilitated by the matrix syntax. In the LK setting connection–driven search means that expansion of a formula is made on account of its relation to other formulae in the sequent and the structure of the formula as a whole, and not merely by virtue of its outermost logical symbol. Observe that if we replace R with C in the LK proof above, the leaves are still axioms. Expansion of C is hence not necessary, and this is precisely what a connection–driven procedure can be used to detect ahead of the proof generation.

Let us take the matrix and the LK proof as a point of departure and reflect about the relationship between LK and the matrix characterization. One way to portray this relationship is to take the matrix as a compressed representation of the LK search space. Note incidentally that while checking an LK proof is of polynomial complexity, checking a matrix is NP–complete. Hence LK proofs are exponentially larger than matrices.

To pin down the exact relationship between matrices and LK we must invoke the concept of permutation. A permutation of the complete LK derivation above is obtained by interchanging inferences, e.g., r_2 and r_3. A succession of 0 or more permutation steps results in a permutation variant of the derivation. Since the structural rules of weakening and contraction are redundant in propositional LK, they are for the time being neglected; every propositional LK rule is then invertible. Hence all complete LK derivations of a formula are permutation variants, i.e. they are equivalent up to permutation. The matrix characterization can be taken as an abstract presentation of this equivalence class of LK proofs. It is essential that the notion of matrix provability be identified with an equivalence class of sequent calculus proofs and not merely with one proof in this class. This becomes clear once we draw some consequences of the permutation properties for propositional LK.

The permutation properties are in fact implicit in the universal statement which defines matrix provability: “every path contains a complementary connection”. In terms of the sequent calculus this statement corresponds to the universal statement (1) “every complete derivation of the endsequent is a proof”. The sequent calculus notion of provability is, however, the existential statement (2) “there is a proof of the endsequent”. By virtue of the permutation properties these two statements are equivalent in propositional LK, i.e. (2) holds if and only if (1). The matrix characterization reflects this fact in that the matrix statement corresponding to (1) is taken as definition instead of the statement corresponding to (2). Moreover, since the rules of propositional LK permute, all complete derivations over a given sequent agree on the set of leaves. Since the leaves are independent of the way in which they are generated, they can be separated from the derivations. This is exactly what the matrix characterization presumes.

Even though we can treat the matrix characterization and propositional LK as essentially the same system, the view taken above in a sense gives conceptual priority to the sequent calculus: matrices are tools for the organization of the LK search space. The perspective is instructive in classical propositional logic, especially for the motivation of matrices. Classical propositional logic is, however, in a favoured position, since its sequent calculus rules are both natural and well–behaved wrt. permutation. As soon as we allow quantifiers this no longer holds. Even though one can give rules which always permute, they will not be as intuitive as their nonpermuting counterparts. This is even more the case intuitionistically, where one can argue that systems with full permutability are designed mainly in response to a technical challenge.

The perspective of this chapter is to take the sequent calculi as presentations of path generation rules over matrices. By hiding implementational details in the matrix structure sequent calculi reveal the logical structure in a particularly clear and simple way. They are for this reason well suited for the presentation of fundamental logical properties. In addition, the syntax of the sequent calculi provides structures which are useful in proofs of meta–results. The syntax of matrices, on the other hand, facilitates both the formulation and the implementation of efficient proof–search procedures.

Turning to classical first–order logic it is clear that first–order LK is not the sequent calculus presentation of a matrix system. Following Frege, Gentzen analyzed quantifiers in terms of eigenparameter conditions. These conditions constrain the development of derivations in that rules cannot be applied in any order. Order dependencies mean lack of permutability. Two simple figures illustrate the point: P a ⊢ P a ∨ Q ∀xP x ⊢ P a ∨ Q L∀ ∀xP x ⊢ ∀x(P x ∨ Q) R∀ P a ⊢ P a ∨ Q P a ⊢ ∀x(P x ∨ Q) R∀ ∀xP x ⊢ ∀x(P x ∨ Q) L∀

The parameter a introduced in the R∀–inferences is an eigenparameter (often called an eigenvariable; to prevent confusion I shall consistently use parameters in instantiations which require an arbitrary witnesses and variables as placeholders for particular terms in inferences which are not subjected to instantiation conditions). The Eigenparameter condition, which pertains to R∀ and L∃ inferences, states that the eigenparameter of the inference is not allowed to occur in the conclusion. The rightmost figure above violates this and hence fails to be an LK derivation. Since the figures are not interpermutable the symmetry in the sequent calculus is destroyed.

A first–order system in which all rules permute can be obtained by using what Prawitz and Kanger called “dummies”. “Dummies” are variables standing for arbitrary parameters; being faithful to common practice I will refer to them as free variables. Free variables can be used to delay the quantifier instantiation of principal formulae in L∀ and R∃ inferences until we see clearer what the smart instantiations are. But we can make a much more powerful use of them than this. For the free variables allow us to drop the Eigenparameter condition entirely and replace it with a unification condition on the terms. Let us redo the examples: P x ⊢ P a ∨ Q ∀xP x ⊢ P a ∨ Q L∀ ∀xP x ⊢ ∀x(P x ∨ Q) R∀ P x ⊢ P a ∨ Q P x ⊢ ∀x(P x ∨ Q) R∀ ∀xP x ⊢ ∀x(P x ∨ Q) L∀ Note initially that since there is no eigenparameter condition, the two figures permute. The a is now a 0–argument Skolem function. Trees constructed with the free variable rules are called skeletons. This is to reflect the fact that they do not necessarily carry logical force. The crucial point is that skeletons can be instantiated with substitutions and in this way be made logically sound. To illustrate the point, assume that we expand the right disjunctions in the leaves of the skeletons above; both leaves will then be of the form P x ⊢ P a, Q. We shall call the pair (P x, P a) a connection. The substitution σ = {x/a} unifies P x and P a and yields the axiom P a ⊢ P a, Q. Since σ turns every leaf into an axiom, the skeletons are closed by σ.

Observe that σ encodes a dependency between terms. The key point is that free variables eliminate rule dependencies at the cost of term dependencies. It is the unification problem which gives rise to the term dependencies. Since this problem is separated from the application of rules, we have full permutability and hence also a matrix representation. And by making the dependency constraints appear in the form of a unification problem derivations can be constructed undisturbed by constraints on the inference order. In particular the proof construction can be guided by connections.

Hence connection–driven search methods rely on full permutability between inferences. If we, on the contrary, try to implement connection–driven search for LK (without free variables), the Eigenparameter condition will cause problems. In addition to connections we must also keep track of quantifier dependencies, which is nontrivial. A procedure of this kind has up to my knowledge not been specified. The free variable rules, on the other hand, allow us to develop the skeleton in any order we like and afterwards check if the appropriate dependency constraints can be met.

Whereas contraction can be neglected in classical propositional logic this is not the case in first–order logic. The presence of contraction complicates the generalization of the propositional notion of matrix provability as a property of a matrix. Bibel identified the notion of a multiplicity for this purpose by exploiting the Herbrand theorem [Bibel 1982c]. A slight refinement of his solution is presented in section 2.5 along with the basic definitions used throughout the chapter.

2.2. Language and models

The set of standard terms (terms when context permits) is a denumerable set of finite strings inductively defined from a set of quantifier variables (denoted x, y, z, u, v, w) and a set of function symbols of every arity (denoted f, g) in the usual way. 0–argument function symbols are called parameters. Function symbols will be called parameter functions when it is necessary to distinguish them from other kinds of function symbols. A list t_1 . . . t_n of terms is denoted ⃗t whenever possible. A term is ground if it contains no variables. There is a dummy constant 0 which we assume is always available.

The set of formulae is inductively defined from the set of terms, predicate letters and logical symbols. Besides the logical symbols no restrictions are placed on the object language. Atomic formulae are formulae of the form P (⃗t), where P is a placeholder for a predicate symbol with arity n and ⃗t is a list of n terms. The variables in ⃗t occur free in P (⃗t). If A and B are formulae, the following are also formulae: (A∧B), (A∨B), (A ⊃ B), ¬A, ∀xA, and ∃xA. In the latter two cases the quantifiers bind the free occurrences of x in A, hence x is not free in the quantified formulae. There is no author of logical texts who is not sloppy with parentheses; I shall, e.g., write P⃗t for P (⃗t) and A ∧ B for (A ∧ B). A formula without free variable occurrences is closed. A formula is propositional if it contains no variables (free or bound). The symbols P , Q, R are used for atomic propositional formulae. The propositional fragment of the language is simply the set of propositional formulae.

A quantifier substitution is a partial function from variables into terms. A substitution σ is given as a set of bindings: x/t ∈ σ means σ(x) = t; dom(σ) denotes the domain of σ. Zσ denotes the result of replacing every free Z–occurrence of x with σ(x) for every x in dom(σ), possibly renaming bound variables in a way I shall explain below. σ unifies a nonempty set Γ if Γσ is singleton. It is idempotent if Zσ = (Zσ)σ for any Z.

2.1. Lemma. Let σ be idempotent, y occur in σ(x) and y ∈ dom(σ). Then σ(y) = y.

As noted, A{x/t} denotes the formula obtained from A by substituting the term t for every free occurrence of x. However, if an unconditioned substitution clashes with quantifier bindings, bound variables are renamed. The situation arises in ∀xP xy{y/x}, which yields, e.g., ∀zP zx. We shall use the same notation for substitution of arbitrary terms: Z{t_1/t_2} denotes the object constructed from Z by replacing every occurrence of t_1 with t_2. Substitutions of this kind are, however, only permitted if all variables in t_1 are free in Z. As above, it is sometimes necessary to adjust the result by renaming.

A sequent is an object of the form Γ ⊢ Δ, where the antecedent Γ and the succedent Δ are finite multisets of formulae. A multiset is an unordered collection of objects in which different occurrences of the same object are distinguished. With this proviso, the usual set operations are defined on multisets. Γ, A is shorthand for Γ ∪ {A}. Formulae will not have any existence “on their own” in this text; they will always be part of larger syntactical objects like sequents and trees. When discussing properties of formulae, we shall hence always mean properties of specific formula occurrences in a given construction. Indices are used to distinguish different occurrences of the same formula when needed; the indices are not part of the formal language. Here is an example: A^1, A^2 ⊢ (A ∧ B)^3. There are three formula occurrences in the sequent: two occurrences of A and one occurrence of A ∧ B.

The semantical structures used in this chapter are based on substitution. A model for classical logic is a pair (D, x), where the domain D is a nonempty set of ground terms and x is a set of atomic propositional formulae such that every ground term in x occurs in D. A model can only be used to evaluate a set of formulae if every ground term which occurs in one of the formulae also occurs in D. The satisfaction relation |= is a relation between the set of all models over D and the set of closed formulae, inductively defined by x |= P iff P ∈ x, P atomic, x |= A ∧ B iff x |= A and x |= B, x |= A ∨ B iff x |= A or x |= B, x |= ¬A iff x |̸= A, x |= A ⊃ B iff x |̸= A or x |= B, x |= ∀yA iff x |= A{y/c} for each c ∈ D, x |= ∃yA iff x |= A{y/c} for a c ∈ D. Observe that only closed formulae are evaluated. A formula A is true in the model x if x |= A, otherwise it is false in x. x is a countermodel to the sequent Γ ⊢ Δ if every formula in Γ is true in x and every formula in Δ is false in x. A sequent is valid if it has no countermodels.

Proofs and models are duals and serve dual functions: validity is witnessed by a proof, invalidity is witnessed by a countermodel. Besides their part in the semantical consequence relation, models are important tools in the analysis of search procedures.

2.3. Free variable LK

A rule is a relation between a set of sequents, called premisses, and one sequent, the conclusion. A rule is taken as a scheme which quantifies over formulae of particular forms; the instances of these schemes are called inferences. A sequent calculus is

Structural rules:

Γ ⊢ Δ Γ, A ⊢ Δ LW Γ ⊢ Δ Γ ⊢ A, Δ RW Γ, A, A ⊢ Δ Γ, A ⊢ Δ LC Γ ⊢ A, A, Δ Γ ⊢ A, Δ RC Logical rules: Γ, A, B ⊢ Δ Γ, A ∧ B ⊢ Δ L∧ Γ, A ⊢ Δ Γ, B ⊢ Δ Γ, A ∨ B ⊢ Δ L∨ Γ, A{x/f⃗y} ⊢ Δ Γ, ∃xA ⊢ Δ L∃ Γ ⊢ A, Δ Γ ⊢ B, Δ Γ ⊢ A ∧ B, Δ R∧ Γ ⊢ A, B, Δ Γ ⊢ A ∨ B, Δ R∨ Γ ⊢ A{x/y}, Δ Γ ⊢ ∃xA, Δ R∃ Γ ⊢ A, Δ Γ, B ⊢ Δ Γ, A ⊃ B ⊢ Δ L⊃ Γ ⊢ A, Δ Γ, ¬A ⊢ Δ L¬ Γ, A{x/y} ⊢ Δ Γ, ∀xA ⊢ Δ L∀ Γ, A ⊢ B, Δ Γ ⊢ A ⊃ B, Δ R⊃ Γ, A ⊢ Δ Γ ⊢ ¬A, Δ R¬ Γ ⊢ A{x/f⃗y}, Δ Γ ⊢ ∀xA, Δ R∀ In R∀ and L∃ ⃗y is a list of all free variables in the principal formula.

Figure 1: Structural and logical rules of free variable LK.

defined by its set of rules. The structural rules of contraction and weakening, shared by all sequent calculi in this chapter, are listed in figure 1. While contraction serves a key function in proof–search procedures, the destructive weakening rule is avoided. In certain cases, however, weakening is necessary for permutation.

The logical rules of free variable LK are given in figure 1. The principal formula of a logical rule is the formula in the conclusion with the logical symbol of the rule as the outermost; the side formulae are the premiss occurrences of the immediate subformulae of the principal formula. All other formulae are called extra formulae. We shall also refer to the two premiss occurrences of the contraction formula as side formulae. The function symbol f occurring in the premisses of L∃ and R∀ is called a Skolem function; if r is an inference of this kind, r is said to belong to its Skolem function. Similarly is an inference of type R∃ or L∀ said to belong to its free variable.

A skeleton is a finitely branching tree. A skeleton is generated by the rules of the system and satisfies the Skeleton condition defined below. It is hence not necessarily finite. Finite skeletons have leaf sequents in every branch and can be inductively defined in a straightforward way. All formula occurrences in a skeleton are distinct.

In an upwards development of a skeleton there is an implicit copying of the extra formula occurrences in the conclusion of an inference. In a 1–premiss logical inference all extra formulae are copied into the premiss, while two copies are made in a branching inference like the following:

A^{11}, A^{21} ⊢ Δ A^{12}, B^{22} ⊢ Δ A^1, A ∨ B^2 ⊢ Δ

A^{11} and A^{12} are two copies of the extra formula A^1. We shall say that A^1 is a descendent of A^{11} and A^{12}. This implicit copying must be distinguished from the explicit copying of the constituents of the principal formula into the side formulae. In the example above the side formulae A^{21} and B^{22} are explicit copies of the two disjuncts of the principal formula A ∨ B^2. In a contraction

Γ, A^{31}, A^{32} ⊢ Δ Γ, A^3 ⊢ Δ

the side formula occurrences A^{31} and A^{32} are explicit copies of the contraction formula A^3. We shall say that the principal formula occurrence is a descendent of all its side formula occurrences. The notion of a descendent is lifted from inferences to skeletons by transitive closure (in the obvious way). If a formula occurrence A is a descendent of B, B is an ancestor to A.

It is important for the connection to matrices to keep track of occurrences generated by implicit contraction. We shall achieve this by identifying the copied occurrences and the occurrence in the conclusion by means of an equivalence relation.

2.2. Definition. The relation of contextual equivalents is defined on the formula occurrences in a skeleton as the least equivalence relation such that:

• in a 1–premiss inference an extra formula occurrence in the conclusion is contextually equivalent to its ancestor in the premiss, • in a 2–premiss inference an extra formula occurrence in the conclusion is contextually equivalent to each of its ancestors in the premisses, • in a contraction, the contraction formula in the conclusion is contextually equivalent to one of its ancestors in the premiss and not contextually equivalent to the other ancestor, • assume in the following contractions that A^1 and A^2 are contextually equivalent.

Γ_i, A^{11}, A^{12} ⊢ Δ_i Γ_i, A^1 ⊢ Δ_i r_i Γ_j , A^{21}, A^{22} ⊢ Δ_j Γ_j , A^2 ⊢ Δ_j r_j If A^1 is contextually equivalent to A^{11} and A^2 is contextually equivalent to A^{21}, then A^{12} is contextually equivalent to A^{22}, • let r_i and r_j be logical inferences of the same type whose principal formulae are contextual equivalents. Then the left side formula of r_i is contextually equivalent to the left side formula of r_j and the right side formula of r_i is contextually equivalent to the right side formula of r_j .

Two inferences are contextual equivalents if their principal formulae are contextually equivalent.

2.3. Example. In this example I have marked contextually equivalent occurrences with the same number. P f:5, Qg:6 ⊢ P x:7 P f:5, ∃xQx:4 ⊢ P x:7 g ∃xP x:3, ∃xQx:4 ⊢ P x:7 f P f:5, Qg:6 ⊢ Qx:8 P f:5, ∃xQx:4 ⊢ Qx:8 g ∃xP x:3, ∃xQx:4 ⊢ Qx:8 f ∃xP x:3, ∃xQx:4 ⊢ P x ∧ Qx:2 ∃xP x:3, ∃xQx:4 ⊢ ∃x(P x ∧ Qx):1 Observe that if the Skolem function f is used in place of g, the substitution {x/f} will make both leaves axiomatic. The possibility of doing this is ruled out by the Skeleton condition below. Note that the endsequent is invalid.

The Skeleton condition states: If two inferences belong to the same Skolem function, they are contextually equivalent. The condition can be weakened (and simplified) to: if two inferences belong to the same Skolem function, they are of the same type and their principal formulae are identical up to variable renaming. I have adopted the stronger (and more complex) definition in preparation for the matrix relationship and the presentation of nonclassical systems. The tableau δ^{++} –rule selects the same Skolem function in all inferences of the same type whose principal formulae are identical up to variable renaming [Beckert and Schmitt 1993, Baaz and Fernmüller 1995].

A sequent of the form Γ, P⃗s ⊢ P⃗t, Δ is a σ–axiom provided that σ unifies {P⃗s, P⃗t }. I will adopt matrix terminology and call the pair (P⃗s, P⃗t ) a connection. The connection is said to be σ–complementary if the unification condition holds. A branch is closed by σ if it contains a σ–axiom. A σ–proof is a finite skeleton δ in which every leaf is a σ–axiom. When this holds we will refer to δσ, the image of δ under σ, as a proof of the endsequent. Observe that there are cases where a skeleton is also a proof: this holds whenever the skeleton is a ∅–proof.

Since the substitutional part of the search is constrained by a set of connections, it can be posed as a problem of solving a set of simultaneous equations. The equations can then be effectively solved by unification algorithms. The point is illustrated in the two examples below. For ample information about unifiers and unification algorithms in first–order logic consult [Baader and Snyder 2001] (Chapter 8 of this Handbook).

2.4. Example. A skeleton over a well–known unprovable sequent: P xfx ⊢ P gyy P xfx ⊢ ∀xP xy P xfx ⊢ ∃y∀xP xy ∃yP xy ⊢ ∃y∀xP xy ∀x∃yP xy ⊢ ∃y∀xP xy The connection induces the equations x = gy and y = fx, which can be reduced to x = gfx and y = fgy. Even though these equations clearly have fixed point

F gww, χ ⊢ F zy, Gva ∃yF yw, χ ⊢ F zy, Gva g χ, χ ⊢ F zy, Gva w χ ⊢ F zy, Gva (⋆) F fuu ⊢ F yx, Gva ∃yF yu ⊢ F yx, Gva f χ ⊢ F yx, Gva u χ ⊢ F zy ∧ F yx, Gva χ, Gzx ⊢ Gva χ, F zy ∧ F yx ⊃ Gzx ⊢ Gva χ, F zy ∧ F yx ⊃ Gzx ⊢ ∃vGva χ, F zy ∧ F yx ⊃ Gzx ⊢ ∀x∃vGvx χ, ∀xyz(F zy ∧ F yx ⊃ Gzx) ⊢ ∀x∃vGvx x, y, z

Figure 2: Proof wrt. the ground substitution {x/a, y/fa, z/gfa, u/a, v/gfa, w/fa}. χ is shorthand for ∀u∃yF yu.

solutions, they have no finite solution. Observe that the fixed point solutions do not close the skeleton; the skeleton hence fails to be a proof. Since inadmissible fixed point solutions can be ruled out by a simple occurs check, unifiers can be effectively computed.

The notions in the next definition are used to single out two classes of skeletons. The classes are not disjoint. Since the notions are original, and since they serve an important function in this chapter, they are illustrated by a fairly rich example.

2.5. Definition. A skeleton δ is variable–pure if, for each free variable in δ, there is a unique inference which belongs to it. It is variable–sharing provided any two inferences in δ belong to the same free variable if and only if their principal formulae are contextually equivalent.

2.6. Example. In this example the intended interpretation of F xy is “x is the father of y.” The skeleton in figure 2 gives rise to the equations x = a, x = u, y = w, y = fu, z = v, z = gw with the finite solution x = a, y = fa, z = gfa, u = a, v = gfa, w = fa.

The skeleton can be both variable–sharing and variable–pure, it all depends on the relationship between the inferences r_w and r_u which belong to w and u. Observe that we have not specified which of the two occurrences of χ in the premiss of the contraction (⋆) is contextually equivalent to the conclusion occurrence and which is not. By definition, the principal formula of r_u is contextually equivalent to the principal formula of (⋆).

Option 1: the principal formula of r_w is not contextually equivalent to the principal formula of (⋆). It follows from definition that r_w and r_u are not contextually equivalent. In this case the skeleton is both variable–pure and variable–sharing.

Option 2: the principal formula of r_w is contextually equivalent to the principal formula of (⋆). Then r_w is contextually equivalent to r_u and r_g is contextually equivalent to r_f . Since two contextually equivalent inferences belong to different variables, the skeleton is variable–pure.

Observe finally that if the skeleton is variable–pure, (⋆) is redundant: the instance of χ in the leftmost axiom is generated by (⋆), but is not further expanded in the proof. If we, on the other hand, require sharing of variables, (⋆) is not redundant. To see this, observe that if the (⋆) contraction is removed, r_w is contextually equivalent to r_u and r_g is contextually equivalent to r_f . If we still want sharing of variables, w must be changed to u. But this results in an unsolvable set of equations: x = a, x = u, y = u, y = fu, z = v, z = gu. The permutation properties of the skeletons are determined by the choices of both free variables and Skolem functions. We shall assume that contextually equivalent inferences of type R∀ or L∃ belong to the same Skolem function in variable–sharing skeletons. Under this assumption all contextually equivalent formula occurrences in a variable–sharing skeleton have the same form. The previous example indicates that sharing of variables gives rise to redundancy in the search space since the number of contractions is increased beyond necessity.

Contraction can be limited to antecedent occurrences of the form ∀xB and succedent occurrences of the form ∃xB. The reason for this is that L∀ and R∃ are the only rules which generate free variables. In the general case we shall say that an occurrence is generative if it has the same form and occurs at the same side of the sequent symbol ‘⊢’ as one of the principal formulae in the variable–generating rules. For all systems in this chapter we shall assume that contraction is limited to generative occurrences.

2.4. Free variable tableaux

The rules of free variable LK can be read as inverted branch extension rules in a signed free variable tableau system. When shifting to tableau syntax we may work with signs T and F , informally taken as truth values. A signed formula is a pair consisting of a sign and a formula, written T A or F A. Let r be an inference in a sequent calculus. P(r) is the principal formula of r signed with T if it occurs in the antecedent and F if it occurs in the succedent. L(r) is the left side formula of r signed in the same way and R(r) is the signed right side formula. The sequent calculus rules can be mapped into branch extension rules for tableaux by the transformations

S_1 S_0 r ⊏ P(r)

L(r) R(r)

S_1 S_2 S_0 r ⊏ P(r) L(r)|R(r) The principal formula (side formulae) of an LK rule are mapped into numerator (denominators) of the tableau rule. A tableau over a set Γ of signed formulae is a downwards growing tree inductively defined by:

1. A vertical arrangement of the formulae in Γ is a tableau over Γ. 2. If a branch in a tableau over Γ contains A, then the tree obtained by adding the denominators of the rule with numerator A to the branch is a tableau over Γ, possibly splitting the branch.

A tableau is closed by σ if σ closes every branch; a branch is closed by σ if it contains occurrences T A and F B such that σ unifies A and B.

Define the mapping ϕ from sequents into sets of signed formulae by ϕ(Γ ⊢ Δ) = {T A | A ∈ Γ}∪{F A | A ∈ Δ}. Up to structural rules there is an obvious provability– preserving isomorphism between a skeleton and a tableau over its ϕ’d endsequent. In fact, a tableau is a sequent calculus skeleton; the only difference is the amount of redundancy. The reader may therefore convert every statement about skeletons into a statement about tableaux.

2.5. Matrices

A matrix is a two–dimensional arrangement of atomic formulae in which the relative positions of two formula occurrences have logical meaning. The dimensions are interpreted logically as conjunction and disjunction. Of course, the graphical display is just a visual aid; there is no need to change the underlying representation of the sequent (or formula) which comprises the matrix, although parts of this structure may sometimes have to be copied. Logical validity is determined by inspecting the paths through the matrix. Contrary to the display of a matrix, path generation is not just a matter of syntax; it is the heart of the proof–search operation. The role of the path generation rules corresponds to the role of logical rules in LK.

The generation of paths can be viewed as a systematic operation on the formation tree of a sequent (or formula). To formulate this smoothly we need some way of distinguishing the parts of the structure which have been processed from the parts which remain. We shall do this by simply letting the path generation rules introduce matrix syntax. More precisely, this means that parentheses are replaced by brackets and logical symbols are removed. We can then use a set of reduction rules to introduce both the notion of a matrix and the set of paths through the matrix.

The system of reduction rules takes a sequent as input and generates the matrix successively. If we want to test the validity of a formula A, we start off with the sequent ⊢ A. If we want to show that A is inconsistent, we start off with A ⊢. There are two structural rules, i.e. rules which are not triggered by logical form. The first of them simply displays the initial sequent as a row vector: A_1, . . . , A_n ⊢ B_1, . . . , B_m ⊏ [ A_1 . . . A_n B_1 . . . B_m ] . There is only one path through the vector, namely {A_1, . . . , A_n, B_1, . . . , B_m}. The bar is a kind of meta–negation which corresponds to the T sign in semantic tableaux. In terms of the sequent calculus the bar is a sign for antecedent occurrence or, more precisely, a sign for a switch of side. A signed formula is a formula with or without a bar.

(A ∧ B) ⊏ [ A B ] (A ∨ B) ⊏ [ A B ] (A ⊃ B) ⊏ [ A B ]

(A ∧ B) ⊏ [ A B ] (A ∨ B) ⊏ [ A B ] (A ⊃ B) ⊏ [ A B ]

¬A ⊏ A ∀xA ⊏ A{x/f⃗y} ∃xA ⊏ A{x/y} ¬A ⊏ A ∀xA ⊏ A{x/y} ∃xA ⊏ A{x/f⃗y}

Figure 3: Logical reduction rules: y and f are fresh symbols, ⃗y is a list of the free variables in the signed formula which triggers the rule.

The second structural rule is contraction. It operates on signed formulae of any form: A^i ⊏ [ A^j A^k ] , A^i ⊏ [ A^j A^k ] . The superscripts are part of our meta–language, cnf. section 2.2. The logical reduction rules are listed in figure 3. Observe that the rules replace connectives with conjunctive force with a vertical arrangement and connectives with disjunctive force with a horizontal arrangement. Matrices are limit objects generated by the rules, as explained in the following.

Let S be a sequent and r^′ be the initial reduction which displays S as a row vector V . The set of reduction sequences from S is defined by:

• r^′ is a reduction sequence from S which leads to V , • if ρ is a reduction sequence from S which leads to M, A^i occurs in M, and r : A^i ⊏ N is an instance of a rule, then ρr is a reduction sequence from S which leads to M{A^i/N}.

Assume that ρ leads to M. The set of paths through M is inductively defined over the generation of M. If M is a row vector [A_1 . . . A_m], then {A_1, . . . , A_m} is a path through M. The paths through M = M^′{A^i/N} are given by two clauses:

• if p is a path through M^′ and A^i ∉ p, then p is a path through M. • if p is a path through M^′ and A^i ∈ p, let p^′ be p \ {A^i}. There are three cases.

(i) N is [B C]. Then p^′ ∪ {B, C} is a path through M.

(ii) N is column vector with B over C. Then both p^′ ∪ {B} and p^′ ∪ {C} are paths through M.

(iii) N is a formula B. Then p^′ ∪ {B} is a path through M.

If ρ leads to M and every signed formula in M is atomic, ρ is complete. ρ generates a signed formula occurrence A if an initial sub–sequence of ρ leads to M and A occurs in M.

2.7. Definition. M is a matrix if there is a complete reduction sequence ρ which leads to M.

2.8. Example. Applied to the example at the beginning of section 2.1 the reduction rules define the matrix [ P^0 R^1 ] [ [ P^2 Q^3 ] Q^4 ]

P^5

The matrix is generated by any complete reduction sequence which does not use contraction. The nicer layout of the matrix in section 2.1 is obtained from the above by the simplification rules [[M]] ⊏ [M] and [[M_1] [M_2]] ⊏ [M_1 M_2]. The readers will have no difficulty in defining an appropriate set of simplification rules.

A formula occurrence in a reduction sequence is generative if it triggers a reduction rule introducing a fresh free variable. In the system at hand generative occurrences have the form ∀xB or ∃xB. Clearly, matrices are correlated to the number of contractions applied to these occurrences and we shall use a notion of multiplicity to record this information. However, Bibel’s original notion, which is a property of a formula, is not sufficiently fine–grained for nonclausal formulae. What we need is a contraction property, i.e. a property at the level of derivations. To capture this I shall define the multiplicity in relation to a reduction sequence.

2.9. Definition. Let ρ be a reduction sequence. Let us say that the duplication set of a formula occurrence is the smallest set such that

• a formula is in its own duplication set, • in a contraction A^i ⊏ [ A^j A^k ] (A a signed formula) the three occurrences of A have identical duplication set.

We shall refer to the cardinality of a duplication set as the multiplicity of the set. The multiplicity of ρ is a collection of multiplicities of the duplication sets which pertain to occurrences generated by ρ.

Observe that all occurrences in a duplication set have identical form. If we slightly abuse notation and use formulae to refer to duplication sets, a formula A can be used to denote the duplication set of A–occurrences. We may hence talk about the multiplicity of a formula A and mean the number of occurrences of A in the reduction sequence. This notation is ambiguous when there are different duplication sets with occurrences of the same form. Whenever we talk about the multiplicity of a formula we shall hence assume that this is not the case.

2.10. Lemma. Let S be a sequent. Then all complete reduction sequences from S which agree on multiplicity lead to the same matrix (up to free variables and Skolem functions).

The result is established in section 2.6. In light of this result we can unambiguously talk about the matrix of a sequent S. Formally, M is the matrix of S with multiplicity μ if there is a reduction sequence from S with multiplicity μ which leads to M.

The matrix terminology exploits graphical metaphors. A connection is a set of atomic occurrences of the form {P⃗s, P⃗t }. It is σ–complementary if the quantifier substitution σ unifies {P⃗s, P⃗t }. A set of connections is spanning if every path through the matrix contains a connection from the set. S is matrix provable if there is a multiplicity μ and a quantifier substitution σ such that the matrix of S wrt. μ contains a spanning set of σ–complementary connections.

2.11. Example. Figure 2 on page 1501 shows a variable–sharing skeleton over the sequent χ, ∀xyz(F zy ∧ F yx ⊃ Gzx) ⊢ ∀x∃vGvx, where χ is ∀u∃yF yu. Below is the matrix over the same sequent with multiplicity 2 for χ.

F gww F fuu F zy F yx Gzx Gva

There are three paths through the matrix, namely {F gww, F fuu, F zy, Gva}, {F gww, F fuu, Gzx, Gva}, and {F gww, F fuu, F yx, Gva}. The three connections {F gww, F zy}, {Gzx, Gva}, and {F fuu, F yx} are spanning and complementary wrt. {x/a, y/fa, z/gfa, u/a, v/gfa, w/fa}. 2.12. Example. Connections can reduce the search space significantly. Consider a simple matrix over the sequent ∀xP x ∨ ∀x∃yQxy ⊢: [ P u Qxfx ]

Since there are no connections, the sequent is trivially unprovable.

A reduction sequence can be encoded in the sequent calculus. The general pattern of the translation is illustrated with the sequent ⊢ ¬Q, ¬R, Q ∧ R. The leftmost figure below shows the first step in the development of a matrix, the rightmost figure shows the initial part of the corresponding skeleton: [ ¬Q ¬R Q ∧ R ] ⊢ ¬Q, ¬R, Q ∧ R Assume that we next expand the conjunction in both figures. This yields [ ¬Q ¬R [ Q R ] ] ⊢ ¬Q, ¬R, Q ⊢ ¬Q, ¬R, R ⊢ ¬Q, ¬R, Q ∧ R

Expanding ¬Q in the matrix arrangement corresponds to expansion of the succedent ¬Q in both leaves of the skeleton, resulting in the following figures: [ Q ¬R [ Q R ] ] Q ⊢ ¬R, Q ⊢ ¬Q, ¬R, Q Q ⊢ ¬R, R ⊢ ¬Q, ¬R, R ⊢ ¬Q, ¬R, Q ∧ R Expansion of ¬R gives the resulting matrix and the corresponding skeleton: [ Q R [ Q R ] ] Q, R ⊢ Q Q ⊢ ¬R, Q ⊢ ¬Q, ¬R, Q Q, R ⊢ R Q ⊢ ¬R, R ⊢ ¬Q, ¬R, R ⊢ ¬Q, ¬R, Q ∧ R Observe that:

• a formula occurrence in the matrix corresponds to a set of contextual equivalents in the skeleton, • a path through the matrix corresponds to a leaf in the skeleton, • the reduction sequence corresponds to a variable–sharing skeleton.

Let us say that a variable–sharing skeleton is balanced if the following holds for all inferences (including contraction). Let r be an inference with principal formula A^i, the branch β contain a contextual equivalent to A^i. Then there is an inference r^′ in β which is contextually equivalent to r. A balanced skeleton is complete if all leaves contain only atomic formulae. Clearly, complete reduction sequences are mapped into complete skeletons.

2.13. Example. A complete skeleton can be obtained from the skeleton in figure 2 by adding a contraction similar to (⋆) to the two rightmost branches or, alternatively, pushing the (⋆) below the lowermost branching inference. The leftmost leaf will then be unchanged. The leftmost branch does not satisfy the conditions as it stands, but it will if the following two inferences are added above the leaf: F gww, F fuu ⊢ F zy, Gva F gww, ∃yF yu ⊢ F zy, Gva f F gww, χ ⊢ F zy, Gva u Both the middle and the rightmost leaf will get a new copy of χ. They will then be χ, F fuu ⊢ F yx, Gva and χ, χ, Gzx ⊢ Gva. We must now expand the new copies of χ in a variable–sharing way, using the terms u, w, f and g. The resulting skeleton is balanced and complete.

Even though a reduction sequence corresponds to a balanced skeleton, it is not the case that every balanced skeleton corresponds to a reduction sequence. Balanced skeletons are closed under certain types of permutation, a fact which has consequences for the treatment of matrices. But first a word about permutation.

2.6. Permutation

Permutation is used to relate skeletons which differ only in the order of inferences. In order to restrict the space of skeletons to those which can possibly be generated by a feasible search strategy, we shall only use permutation schemes which avoid additional weakenings. Since contraction plays a prominent role in the analysis of proof–search, we shall assume that instances of contraction take part in permutations in the same way as 1–premiss logical inferences.

Different types of permutation fall into two general cases. If both inferences are 1–premiss, the situation is particularly simple. Example: Γ, Ax ⊢ Bf⃗z, Δ Γ, Ax ⊢ ∀yBy, Δ Γ, ∀xAx ⊢ ∀yBy, Δ Γ, Ax ⊢ Bf⃗z, Δ Γ, ∀xAx ⊢ Bf⃗z, Δ Γ, ∀xAx ⊢ ∀yBy, Δ The leftmost figure permutes to the rightmost figure and vice versa. The example shows the effect of the free variable rules. Due to the Eigenparameter condition, a L∀ over a R∀ presents an exception to permutation in Gentzen’s LK.

The second general case arises when one of the inferences is branching. Example (extra formulae neglected): A ⊢ Bf⃗z A ⊢ ∀yBy C ⊢ Bf⃗z C ⊢ ∀yBy A ∨ C ⊢ ∀yBy A ⊢ Bf⃗z C ⊢ Bf⃗z A ∨ C ⊢ Bf⃗z A ∨ C ⊢ ∀yBy The leftmost figure clearly permutes to the rightmost and conversely. But observe that the inferences in the figure to the left will not permute to the rightmost pattern if the two R∀–inferences belong to different Skolem functions. The point can be made at a general level by considering the following inference pattern:

premisses of r_2 Γ^′ ⊢ Δ^′ r_2 premisses of r^3 Γ^{′′} ⊢ Δ^{′′} r_3

Γ ⊢ Δ r_1

We are interested in symmetrical permutations, i.e. permutations in which all three inferences are included. It is easy to see that the inferences in the figure above permute symmetrically whenever r_2 and r_3 are contextually equivalent and the skeleton is variable–sharing; this holds regardless of the type of r_2 and r_3.

The reader can easily work out a permutation example with two branching inferences. A permutation variant of a skeleton in this form is obtained by applying a sequence of 0 or more primitive permutation steps of the symmetrical kind introduced above.

2.14. Lemma. Let A be a nonatomic occurrence in the endsequent of a balanced variable–sharing skeleton. Assume that A is expanded by an inference in the skeleton. There is then a permutation variant of the skeleton in which A is the principal formula of the lowermost inference.

Proof. By assumption there is a class of contextually equivalent inferences in the skeleton whose principal formulae are contextually equivalent to the endsequent occurrence of A. All of these inferences occur in different branches. Select repeatedly an inference r which is furthest away from the root. If the inference immediately below is branching, the inference above the other premiss is contextually equivalent to r, otherwise either r is not furthest away from the root or the skeleton is not balanced. We can then apply the symmetrical permutation scheme and permute downwards.

By repeated application of this lemma one can show the following statement. Let ρ_1 and ρ_2 be reduction sequences from a sequent S which agree on multiplicity, free variables and Skolem functions. Let δ_1 and δ_2 be the corresponding balanced skeletons. Then δ_1 and δ_2 are permutation variants. It is immediate from definition that two permutation variants have the same leaves. Since there is a direct correspondence between leaves and paths, the statement above provides a proof of lemma 2.10.

More generally one can show that the class of balanced variable–sharing skeletons which agree on contractions, free variables and Skolem functions is closed under permutation. Complete skeletons hence differ only insignificantly by the order of inferences. We know that each complete skeleton δ has a number of permutation variants which correspond to complete reduction sequences and that all of these reduction sequences lead to the same matrix. The paths through this matrix are given by the leaves of δ. What this shows is that the matrix characterization is equivalent to the system of complete variable–sharing skeletons.

Moreover, from the point of view of proof length and complexity of the search space, it is not essential for the comparison that the variable–sharing skeletons are complete. To see this, let us return to the development of the matrix for the sequent ⊢ ¬Q, ¬R, Q ∧ R at the beginning of this section. Recall that we had to make two skeleton expansions for each of the last two reductions in the matrix development. The source of this lies in the redundancy in the sequent calculus. Now, if we have a variable–sharing skeleton δ^′ at hand and extend this to a balanced skeleton δ, we must add a number of redundant inferences to each branch. Assume that δ corresponds to a reduction ρ. Since all of the inferences added to a branch in δ^′ have already been made in other branches of δ^′, they are accounted for also in ρ. It is hence fair to say that ρ corresponds to δ^′ just as much as it corresponds to δ, the only difference is the amount of redundancy in the derivations.

From the point of view of this chapter the main observation is that the class of variable–sharing skeletons has the same fundamental logical properties as the matrix system. Fundamental results established in one setting hence carry directly over to the other. We shall use this fact extensively in this chapter.

There is in general not a strong correspondence between matrices and variable– pure skeletons. The correspondence with variable–sharing skeletons relies on the identical form of contextually equivalent occurrences, a property which also makes skeletons permute so nicely by symmetrical schemes. This is not always the case for pure variable skeletons, and permutation schemes for these skeletons reflect the asymmetry. Example:

A ⊢ Bx A ⊢ ∃yBy C ⊢ By C ⊢ ∃yBy A ∨ C ⊢ ∃yBy

A ⊢ Bx A ⊢ Bx, By C ⊢ By C ⊢ Bx, By A ∨ C ⊢ Bx, By A ∨ C ⊢ ∃yBy, By A ∨ C ⊢ ∃yBy, ∃yBy A ∨ C ⊢ ∃yBy The figure to the left permutes into the figure to the right. The rightmost figure contains a contraction to preserve the two different instances of the quantifier. The leaves are then adjusted by weakening. As we shall henceforth focus on variable– sharing skeletons generated without use of weakening, we may ignore schemes of this type. For further information about permutation consult [Kleene 1952] or the text by Schwichtenberg and Troelstra [1996].

2.7. Soundness

Soundness proofs for systems without free variables are in general quite simple. In, e.g., Gentzen’s LK the Eigenparameter condition ensures that quantifier inferences preserve validity. Since this property holds also for propositional inferences soundness can be established by a routine induction over proofs. Free variable LK, on the other hand, requires a more elaborate argument than this. I shall in the following identify the source of the problem and try to motivate the technical steps in a proof–theoretical solution. This is all the more important for this chapter as similar steps will be used for all free variable systems.

Basically the problem is that a proof of a valid sequent in free variable LK may contain invalid sequents. Consider the following two trees. P x ⊢ P a, Q P x ⊢ P a ∨ Q P x ⊢ ∀x(P x ∨ Q) a ∀xP x ⊢ ∀x(P x ∨ Q) x

P a ⊢ P a, Q P a ⊢ P a ∨ Q P a ⊢ ∀x(P x ∨ Q) ∀xP x ⊢ ∀x(P x ∨ Q) The leftmost figure is a skeleton closed by the substitution {x/a}. The rightmost figure is the image of the skeleton under this substitution. Note that the third sequent from above, P a ⊢ ∀x(P x ∨ Q), is not classically valid.

The solution presented in this chapter exploits two basic properties. First, the closing substitutions induce a well–founded reduction ordering on the inferences in a proof. Second, proofs can be permuted into a form which reflects this ordering. For the two figures above the permutative transformation yields the trees P x ⊢ P a, Q P x ⊢ P a ∨ Q ∀xP x ⊢ P a ∨ Q x ∀xP x ⊢ ∀x(P x ∨ Q) a

P a ⊢ P a, Q P a ⊢ P a ∨ Q ∀xP x ⊢ P a ∨ Q ∀xP x ⊢ ∀x(P x ∨ Q)

As in the previous example the rightmost figure is the image of the leftmost figure under the mapping {x/a}. The leftmost skeleton conforms to the substitution in the sense that the inference which belongs to x occurs above the inference which belongs to a. Note that the permutations have the same effect as the Eigenparameter condition: all inferences in the proof preserve validity. With the permutative steps completed soundness can, as usual, be established by routine induction.

Technically, the most difficult step in the soundness argument is to show that the reduction ordering is well–founded. We shall first define the reduction ordering relation with some care and subsequently introduce some minor simplifications which will facilitate the formulation of the argument. The term ‘reduction ordering’ alludes to the reductions of formulae. In matrix terminology the relation is denoted ⊲. However, since we now state the results relative to the sequent calculus it is better to take skeletons as the main objects and view them from above. To accomplish this, we just shift the direction of the symbol to ⊳.

2.15. Definition. Let σ be a quantifier substitution. We first introduce the two binary relations ≫ and ⊐ as the weakest relations such that

• if the principal formula of r_1 is an ancestor to a side formula of r_2, then r_1 ≫ r_2, • if r_1 belongs to x, r_2 belongs to y ≠ x, and σ(x) = y, then r_1 ⊐ r_2, • if r_1 belongs to x, r_2 belongs to f, and σ(x) = f(·), then r_1 ⊐ r_2.

The reduction ordering induced by σ, denoted ⊳, is defined as the transitive closure of ≫ ∪ ⊐. The skeleton conforms to ⊳ if there are no two inferences r and r^′ such that r ⊳ r^′ and r is below r^′.

Let us say that a substitution σ is homogeneous over a structure if the following property holds. If σ(x) = f⃗t and f⃗y occurs in the structure, then f⃗t = f⃗yσ. To motivate this notion, recall from examples 2.4 and 2.6 that a closing substitution can be viewed as a solution to a set of equations. A Skolem function f which occurs in the equation set is of the form f⃗y; moreover, the arguments ⃗y are unique for f if the underlying skeleton is either variable–sharing or variable–pure. Given a skeleton of one of these forms, the most general solution to a set of equations is homogeneous over the equations. If the property holds for all free variables in a skeleton, the substitution is homogeneous over the skeleton. We then simply say that the substitution is homogeneous.

We shall in the soundness proof assume that the closing substitutions are homogeneous and ground. None of these conditions are necessary for the proof, but they allow us skip some technical details of less importance. If a skeleton can be closed, it can be closed by a ground, homogeneous substitution; I leave the proof of this for the reader.

2.16. Lemma. The reduction ordering ⊳ induced by a ground, homogeneous substitution is well–founded.

Proof. Assume that ⊳ induced by σ is not well–founded. There must then be a sequence of inferences r_1, . . . , r_n belonging to Skolem functions f_1, . . . , f_n and inferences r^′_1, . . . , r^′_n belonging to variables x_1, . . . , x_n such that

r_1 ≫ r^′_1, r^′_1 ⊐ r_2, . . . , r_n ≫ r^′_n, r^′_n ⊐ r_1.

Let σ(x_1) = f_2 ⃗t_2, . . . , σ(x_n) = f_1 ⃗t_1. Observe that x_i occurs as an argument to the Skolem function f_i; this follows by the quantifier rule which introduces f_i into the skeleton. Since σ is homogeneous this means that f_2 ⃗t_2 occurs in ⃗t_1, f_3 ⃗t_3 occurs in ⃗t_2, etc. But then f_1 ⃗t_1 occurs in ⃗t_1, which contradicts the assumption that terms are finite. Hence ⊳ is well–founded.

To simplify the soundness proof even more we shall restrict the permutation steps to complete variable–sharing skeletons. Clearly, any skeleton can be extended to a complete skeleton without altering its properties wrt. closure. The permutation lemma below can be established for skeletons which are not variable–sharing if we allow nonsymmetrical schemes like the one presented at the end of section 2.6.

2.17. Lemma. If ⊳ is a well–founded ordering over a complete, variable–sharing skeleton, the skeleton has a permutation variant which conforms to ⊳.

Proof. Induction on the sub–skeletons, using lemma 2.14.

2.18. Theorem. Let S be a provable sequent of closed formulae. Then S is valid.

Proof. Observe first that since each formula in S is closed, Sσ = S for each σ. As pointed out above we prove the case of a complete, variable–sharing skeleton δ^′ over S closed by a ground, homogeneous substitution σ. By lemma 2.16, ⊳ is well–founded. By lemma 2.17, δ^′ has a permutation variant δ which conforms to ⊳. It follows by routine induction on the skeleton that every sequent in δσ is valid. The base step is trivial. For the inductive step, the quantifier inferences in δσ are of the form Γ, A{x/t} ⊢ Δ Γ, ∀xA ⊢ Δ Γ, A{x/f⃗t} ⊢ Δ Γ, ∃xA ⊢ Δ Γ ⊢ A{x/f⃗t}, Δ Γ ⊢ ∀xA, Δ Γ ⊢ A{x/t}, Δ Γ ⊢ ∃xA, Δ where t is a ground term. For the L∀ case, pick a model (D, w) which makes Γ, ∀xA true. We can without loss of generality assume that t ∈ D. Otherwise, t does not occur in Γ, ∀xA ⊢ Δ, in which case we may substitute a term in D for t in the proof of Γ, ∀xA ⊢ Δ and get a proof of the appropriate form. So assume t ∈ D. By definition, Γ, A{x/t} is true in the model. By induction hypothesis, there is a formula in Δ which is true in the model.

For L∃, pick a model M = (D, w) of Γ, ∃xA. By definition, there is a t^′ ∈ D such that A{x/t^′} is true in M. Let M^′ be the model (D∪{f⃗t}, w∪{B{t^′/f⃗t} | B ∈ w}). Since δ conforms to ⊳, f⃗t does not occur in the conclusion, hence M and M^′ agree on the formulae in Γ, Δ. By induction hypothesis, there is a formula in Δ true in M^′. This formula is true also in M. The propositional rules are straightforward and are left for the reader.

2.8. Model existence and completeness

A complete search procedure is a procedure which systematically expands all options in finite time This requires the formulation of expansion conditions for generative occurrences. A naive (and inefficient) search procedure for free variable LK is given below. Two derived rules are used instead of contraction, L∀, and R∃: Γ, ∀xA, A{x/y} ⊢ Δ Γ, ∀xA ⊢ Δ LC∀ Γ ⊢ A{x/y}, ∃xA, Δ Γ ⊢ ∃xA, Δ RC∃ The expansion conditions are defined relative to the term universe for the entire skeleton. In consequence a Skolem function introduced in one branch can make an occurrence in the leaf of another branch expandable. Let us say that the variable set of a formula ∀xB in a branch β is the set of all free variables in β introduced by L∀–inferences with principal formula of the form ∀xB. The variable set of ∃xB is the set of free variables in β introduced by R∃–inferences with principal formula of this form.

The search procedure generates a variable–sharing skeleton δ by a fair repetition of the following three steps:

• Check if there is a substitution which closes the skeleton δ. If there is such a substitution σ, terminate: δσ is a proof. As shown in examples above this test can be formulated as a unification problem.

• If there is no substitution which closes δ and no branch is expandable, terminate: the endsequent is not classically valid.

• Otherwise, modify δ by expanding an expandable formula in a leaf. Let β be a branch and A be a leaf occurrence. If A is an antecedent occurrence of the form ∀xB or a succedent occurrence of the form ∃xB, A is expandable if there is no bijection from the variable set of A in β into the term universe. If A is any other nonatomic occurrence, A is expandable.

A procedure of this kind presents the information coded in the endsequent in a more explicit form. To show completeness, it is fruitful to view the process as a stepwise approximation to a model. If it terminates with a proof, the model construction has failed; a proof shows that what looked like a model in fact is no model at all.

Assume that the procedure generates a limit object δ_ω such that each quantifier substitution fails to close at least one branch. Observe initially that the set of free variables in the limit object is a disjoint union of variable sets. We are interested in quantifier substitutions which are disjoint unions of bijections from variable sets into the term universe. Substitutions in this form are uniform. If σ is uniform and does not close the branch β, the information in βσ can be displayed in a countermodel.

2.19. Example. Let ψ be ∃x(P x ∧ Qx). The systematic search procedure may generate the following skeleton: P a, Qb ⊢ ψ, P y, P x P a, Qb ⊢ ψ, Qy, P x P a, Qb ⊢ ψ, P y ∧ Qy, P x P a, Qb ⊢ ψ, P x P a, Qb ⊢ ψ, Qx P a, Qb ⊢ ψ, P x ∧ Qx P a, Qb ⊢ ψ P a, ∃xQx ⊢ ψ ∃xP x, ∃xQx ⊢ ψ The term universe is {a, b}. Let us call the rightmost branch β_3. Since the variable set of ψ in β_3 is {x}, there is no bijection into the universe. The leaf occurrence of ψ in this branch is hence expandable. Expansion generates the following two inferences (and hence splits β_3): P a, Qb ⊢ ψ, P y, Qx P a, Qb ⊢ ψ, Qy, Qx P a, Qb ⊢ ψ, P y ∧ Qy, Qx P a, Qb ⊢ ψ, Qx The resulting skeleton is a limit object which cannot be closed. There are two uniform substitutions: one maps x to b and y to a, the other interchanges the values. Each of them defines a countermodel. The model defined by the former is ({a, b}, {P a, Qb}) and is given by the second branch from the left.

2.20. Theorem. Every unprovable sequent of closed formulae has a countermodel.

Proof. Assume that the procedure generates δ_ω. Let σ be any uniform quantifier substitution. By assumption, there must be a branch β which is not closed by σ (using König’s lemma in the usual way). Let βσ^+ be the set of formulae with an antecedent occurrence in βσ and βσ^− be the set of formulae with a succedent occurrence in βσ. Let D be the term universe for δ_ω and x be the set of atomic formulae in βσ^+. It follows by routine induction that each formula in βσ^+ is true in (D, x) and each formula in βσ^− is false in (D, x). The base step in the induction follows directly from definition and the assumption that the branch is not closed. The inductive steps follow by the following line of argument: Any nonatomic formula is the principal formula of an inference. Apply the induction hypothesis to its side formulae in β and conclude by the model definition.

2.21. Corollary. Every valid sequent is provable.

Proof. By a reductio argument from the Model existence theorem.

2.9. From calculus to search procedure

I will now resume the line of thought I was pursuing in section 2.1, comparing free variable rules with rules with eigenparameter conditions. While the aim of section

2.1 is to clarify the conditions for connection-driven search, I shall in this section focus on termination properties and redundancy in the search space. These issues are of course related. If the search does not terminate as soon as possible, it makes a number of redundant steps, and vice versa.

The Eigenparameter conditions in LK and ground tableau systems facilitate the formulation of termination conditions. Part of this task is to constrain the instantiation (and hence duplication) of generative quantifier occurrences. The use of eigenparameters allows us to constrain these instantiations branchwise: only the term universe induced by formulae in the branch is relevant. It is an open question whether this is possible also for free variable systems, even though some speed–up results are known. The results can be explained by reference to the search procedure used in the previous section.

There are two different kinds of free variable systems: matrix systems and free variable tableaux. A key point in the exposition of classical logic has been to show that free variable LK can accommodate both of these by different strategies for selecting free variables. The procedure in section 2.8 generates variable–sharing (matrix related) skeletons, but can easily be modified to generate skeletons of the other type. It regulates expansion by the term universe of the whole skeleton. This is, however, not the only source of its inefficiency. As it stands it uses exponential space and makes inefficient use of unification. Since the procedure generates variable–sharing skeletons it introduces redundant copies of free variables, but the permutation properties caused by this tactic are not exploited by the use of connections. The procedure serves its function for the Model existence theorem, but is from the point of view of efficiency very naive. Below I shall briefly discuss some ways of improving the procedure.

One kind of redundancy stems from multiple copies of variables in variable– sharing skeletons. Bibel [1982a] proposed a matrix mechanism to overcome this, called splitting by need. Although well understood for clauses, splitting is not well analyzed for nonclausal formulae. But even if we turn the procedure into a procedure for free variable tableaux, it is still likely to give rise to redundancies compared to procedures for ground tableaux, cnf. the discussion of the termination problem for free variable tableaux in [Letz 1999]. Universal variables have been proposed to reduce this redundancy [Beckert and Hähnle 1992]. Another remedy is the δ^{++} – rule which implements a sharing of Skolem functions. The rule reduces the size of the term universe and can give rise to a nonelementary decrease in proof length; further optimalizations are possible [Baaz and Fernmüller 1995]. It is important to note that even if these proposals give significant speed–up, they do not eliminate the redundancy problems caused by free variables. Moreover, the precise relationship between Bibel’s splitting method and the use of universal variables in tableaux has, up to my knowledge, not been clarified.

We may of course simulate a tableau procedure in the free variable system, but this will undermine the whole point of using free variables. Nevertheless, this is the simplest way to construct countermodels. For most nonclassical systems in this chapter I shall prove completeness in this way. I leave it open whether the constructions transfer directly to variable–sharing skeletons, and hence to matrices. The point is addressed further in section 4.4.

The procedure in the previous section makes very inefficient use of the unification algorithm, since one has to check the whole skeleton for closure after each expansion. What we would need is a mechanism which distributes most general unifiers as global constraints, so that the search can run in a least commitment way and the solutions to the partial unification problems be recorded.

I have deliberately neglected connections in this discussion. Since many authors cover the material in depth, there is no need to repeat this rich theory in a chapter about nonclassical logics. Many of the connection procedures have been transformed to a tableau setting, though mostly for clausal forms; an exception is [Hähnle and Klingenbeck 1996]. For references about search procedures and general overviews of the field, consult Bibel and Eder [1993] and [Letz and Stenz 2001] (Chapter 28 of this Handbook).

Finally, a word about implementation. Due to the complex structure of multiplicities, it is tricky to implement a connection–driven procedure for classical logic which does not rely on normal form. If we assume normal form, the task is much simpler. Theorem provers for classical logic have for good reasons been restricted to input in clausal form, cnf. [Letz and Stenz 2001] (Chapter 28 of this Handbook). Up to my knowledge virtually all published material on the implementation of connection–driven proof procedures makes this assumption. I shall follow up this point in the discussion of proof procedures for intuitionistic logic in section 4.4.

3. Labelled systems

3.1. Introduction

From the point of view of this chapter analytic proof systems for modal and intuitionistic logic have developed in three stages: destructive systems, ground prefixed systems and systems with free variables in prefixes.

The oldest analytic systems are destructive in the sense that one sometimes, in the course of a search, has to discharge parts of the built–up structure. A case in point is Gentzen’s sequent calculus LJ for intuitionistic logic [Gentzen 1934– 35]. In LJ only sequents with at most one formula in the succedent are permitted; otherwise the rules are as for LK. The logical rules of LJ are given in figure 10 on page 1550. Let us try to prove the sequent ¬P ⊢ ¬(P ∨ Q) ∨ (P ⊃ Q) in LJ. We may first expand the right disjunction. But in doing this we must choose between the disjuncts, i.e. we must opt for one of them and temporarily discard the other. Selecting the left disjunct gives rise to the leftmost derivation in figure 4. Since this option fails, we must backtrack and try the other. As the rightmost derivation in figure 4 shows, this leads to a proof.

LJ is the first intuitionistic sequent calculus. A multi–succedent version was later introduced by Maehara [1954]. The first modal systems of this kind seem to appear in the fifties in the works of Curry [1952], Kanger [1957] and Ohnishi and Matsumoto

P ⊢ P Q ⊢ P P ∨ Q ⊢ P ¬P, P ∨ Q ⊢ ¬P ⊢ ¬(P ∨ Q) ¬P ⊢ ¬(P ∨ Q) ∨ (P ⊃ Q)

P ⊢ P ¬P, P ⊢ ¬P, P ⊢ Q ¬P ⊢ P ⊃ Q ¬P ⊢ ¬(P ∨ Q) ∨ (P ⊃ Q)

Figure 4: Two attempts to prove the endsequent in LJ.

[1957b, 1957a, 1959]. Tableau methods are used extensively in the pioneering works of Kripke [1959, 1963] and the related contributions of Hintikka [1962] and Schütte [1968]. Systems of this kind are comprehensively surveyed in the recent volume Handbook of Tableau Methods. The collection of papers in that volume contains an up–to–date treatment of a number of nonclassical systems, including chapters on modal and temporal logics [Goré 1999] and intuitionistic logic [Waaler and Wallen 1999].

As witnessed by the previous example the early sequent calculi are cumbersome to use, both as pen–and–pencil devices and as bases for implementation. Pushing metaphors we might say that the objects constructed under a proof–search have the structure of a forest. Prefixed (labelled) systems remedy the situation. Up to my knowledge the first prefixed system is the S5 system of “spotted formulae” due to Kanger [1957]. The same idea underlies a short note by Fitch [1966] and is worked out in more detail as systems of tableaux by Fitting [1983]. The idea of using prefixes has later been generalized by Gabbay into Labelled Deductive Systems [Gabbay 1996] and proposed as a general logical framework. Labels also serve a key function in Mints’ work on cut–elimination in modal systems [Mints 1997].

The basic idea of labelled systems is to ‘prefix’ formulae by a new kind of terms and use these terms to separate the classical component from the nonclassical. Some authors, like Mints [1997], prefix sequents rather than formulae. In many cases the labels can be motivated by reference to Kripke models. The basis for the model– theoretical interpretation is that the structure of Kripke models can be defined by appropriate closure operations on trees; this property holds for all logics addressed in this chapter. Since prefixes in a tableau can naturally be interpreted as points in a tree one can define Kripke models by closure operations on “prefix trees”. A prefix denotes, from this perspective, a point in a model under construction. Different logics can be characterized by different closure operations. In Fitting’s modal systems this is reflected directly in the closure rules of the tableaux. Fitting’s rule for closing a tableau is system–specific [Fitting 1983].

Recently, Massacci has proposed a refinement of Fitting’s prefixed systems for modal propositional logic [Massacci 1994, Massacci 2000]. Just as in Fitting’s systems the prefixes are taken as points in the tree which spans a Kripke model. The systems are called single step tableaux to reflect that prefixes of the principal and side formulae of an inference denote points which are at most one step away. Massacci thereby gains a high degree of modularity in the definition of the modal systems. This holds in particular for symmetrical and Euclidean logics, where the single step approach allows him to jump smoothly from one world to another. Moreover, all systems have the same closure rules; the systems are distinguished solely by their logical rules. And even though one can argue that the proofs in some of Massacci’s systems are not as direct as they are in other logical systems, it is not likely that this side effect is computationally significant. Besides Massacci’s own papers, his systems are thoroughly presented in the overview chapter by Goré [1999].

The ground prefix systems have conditions on prefix parameters which correspond to the Eigenparameter condition in Gentzen’s LK. These conditions run contrary to the idea of connection–driven search. The dependencies captured by the parameter conditions are part of the logical consequence relation and can as such not be eliminated. But just as in classical first–order logic we can introduce free variables into the labels and use them to recast the dependency constraints into properties on the labels. Labels can then be tested for the crucial properties by means of unification algorithms.

This brilliant technical step was first proposed by Wallen [1987]. Rather than viewing the labels as points in a Kripke structure, Wallen argues for a proof– theoretical interpretation in terms of a relation on inferences [Wallen 1990]. As long as we have a Kripke structure at our disposal, the different perspectives just reflect different levels of abstraction. In this chapter we shall use Wallen’s reduction ordering on inferences in the soundness proofs. The semantical perspective is, on the other hand, justified by the existence of soundness and completeness results. The proof–theoretical interpretation has the advantage that it carries over to systems without a Kripke semantics. The adaptation of the technique to a system of first– order dependent types illustrates the point [Pym and Wallen 1990].

It is fruitful to view the free variable systems in relation to the ground systems. Wallen’s matrix systems generalize Fitting’s systems of prefixed tableaux. Beckert and Goré [1997] obtain a slightly different family of modal systems by generalizing Massacci’s single step tableaux; they also cover a larger class of systems than Wallen. Beckert and Goré have formulated their systems to facilitate their compact “lean–type” implementation.

Another class of labelled modal calculi employs a language called KEM [Artosi and Governatori 1994, Governatori 1995, Governatori and Rotolo 2000]. KEM is a language with free variables, but unlike the languages addressed in this chapter KEM also labels the subformulae of a given formula. The language has been applied in an original treatment of modal identity [Artosi, Benassi, Governatori and Rotolo 1998].

Labelled modal systems are not limited to tableau–style systems. A similar idea has been used by Ohlbach in the design of resolution systems for modal logics [Ohlbach 1988, Ohlbach 1990]. Despite technical differences in the systems, the unification problems induced by the resolution systems are identical to those induced by the corresponding matrix systems. By comparing the systems in this chapter with [Ohlbach et al. 2001] (Chapter 21 of this Handbook), the reader will find numerous points of intersection and mutual illumination.

I have decided to base the chapter on a sequent–style rendition of Wallen’s systems. These systems are the most well–known, and they also transfer directly to first–order logic. One must observe that original sources should in any case be consulted. This is particularly important as long as the field is only on its way to be settled.

Wallen’s matrix systems for modal and intuitionistic logic generalize Bibel’s version of the classical connection calculus. To show the general nature of these systems I shall give two simple examples. Let us first address a modal variant of the propositional formula discussed at the beginning of section 2.1. Below is a matrix for the indexed modal formula ◇(P^0 ∨ R^1) ∨ ((□(¬P^2 ∧ Q^3) ∨ ◇¬Q^4) ∧ ¬P^5).

P^0[U] R^1[U] [ P^2[a] Q^3[a]

Q^4[V ] ]

P^5[ ]

Up to the parameter a and the free variables U and V the matrix above is identical to the propositional matrix in section 2.1. There are three connections: {P^0[U], P^2[a]}, {P^0[U], P^5[ ]}, and {Q^3[a], Q^4[V ]}. The free variables U and V are called prefix variables to distinguish them from the free variables generated by quantifiers. Different modal systems are distinguished by unification conditions. For instance, the assignment of the empty string ε to the variable U, which makes {P^0[U], P^5[ ]} complementary, is valid only for T–logics. Since the equation set {U = a, U = ε, V = a} has no solution, the set of connections is not spanning. We may, however, duplicate the subformula ◇(P^0 ∨ R^1) and get the matrix

P^6[W ] R^7[W ] P^0[U] R^1[U] [ P^2[a] Q^3[a]

Q^4[V ] ]

P^5[ ]

The matrix defines the set of connections {P^0[U], P^2[a]}, {P^6[W ], P^5[ ]}, and {Q^3[a], Q^4[V ]}, which is spanning wrt. the substitution {U/a, V/a, W/ε}. The formula is hence provable in the modal system T.

The matrix method can reduce the complexity of search considerably for a particular class of invalid sequents. Let us say that the classical kernel of a modal formula is the formula obtained by stripping off every modal operator. If the kernel is classically invalid, the modal formula is invalid. One can now let the proof–search procedure implement a computationally cheap test for validity of the classical kernel prior to any operations on the labels, either at the level of paths or at the level of matrices. The matrix is generated with labels attached, but the labels are ignored in the classical test. If the test fails, the search simply terminates. Otherwise, we address the labels and check if the closure conditions hold also when labels are taken into account. If this is the case, we have a matrix proof. Otherwise, we must check if a proof can be found by increasing multiplicities. We know that every larger matrix is also a proof of the classical kernel, so we can include the labels in the closure test of an extended matrix directly. This is repeated as long as the closure test fails. Clearly, the process should have a termination condition. We shall discuss this approach to proof–search in labelled systems closer in the exposition of intuitionistic logic in section 4.4.

As the reader will notice, the example above illustrates this approach. Observe that the classical kernel of the modal formula is identical to the sample formula addressed in section 2.1. Hence, if we ignore labels in the first modal matrix above, the matrix is identical to the classical matrix at the beginning of the section 2.1. However, since the labels show that the conditions for a modal proof cannot be met, the multiplicity of ◇(P^0 ∨ R^1) is increased, resulting in the second matrix above. This matrix happens to satisfy the constraints for the modal logic T.

The example from intuitionistic propositional logic at the beginning of this section is slightly more involved. Figure 6 on page 1528 gives a sequent calculus formulation of the intuitionistic matrix system. The following is a well–defined skeleton: P [a] ⊢ P [U], P ⊃ Q Q[a] ⊢ P [U], P ⊃ Q P ∨ Q[a] ⊢ P [U], P ⊃ Q ¬P, P ∨ Q[a] ⊢ P ⊃ Q U ¬P ⊢ ¬(P ∨ Q), P ⊃ Q a ¬P ⊢ ¬(P ∨ Q) ∨ (P ⊃ Q) Recall the two LJ derivations in figure 4. Under the substitution {U/a} the skeleton above corresponds, with one proviso, to the leftmost of the LJ derivations. Note that the substitution closes the left branch and fails to close the other. The proviso is due to the implication. The fact that we do not discard implications in the labelled system makes it possible to let the search resume and continue to expand the skeleton. Expanding the implication in the leftmost branch, we must introduce a new parameter b. This yields the following inference. P [a], P [b] ⊢ P [U], Q[b] P [a] ⊢ P [U], P ⊃ Q b Assume that we add this inference to the skeleton above; let us call the resulting skeleton δ. The substitution {U/b} closes the left branch of δ; the other branch is, however, still open. One way to construct a proof is to expand the implication in the other branch as well and use the same parameter b. The resulting skeleton will then be closed by {U/b}: P [a], P [b] ⊢ P [U], Q[b] P [a] ⊢ P [U], P ⊃ Q b Q[a], P [b] ⊢ P [U], Q[b] Q[a] ⊢ P [U], P ⊃ Q b P ∨ Q[a] ⊢ P [U], P ⊃ Q ¬P, P ∨ Q[a] ⊢ P ⊃ Q U ¬P ⊢ ¬(P ∨ Q), P ⊃ Q a ¬P ⊢ ¬(P ∨ Q) ∨ (P ⊃ Q)

But this is redundant. We can avoid this step by pruning δ. The key observation is that the principal formula P ∨ Q[a] of the branching inference in δ has a label incompatible with b. Since no axiom label in the sub–skeleton above the left premiss of the inference contains a, the branching inference can simply be ignored. Hence the sub–skeleton above the rightmost premiss can also be ignored. Removing the branching inference from δ leaves us with a proof which corresponds to the rightmost LJ proof in figure 4 (up to the order of inferences).

On the implementational side Kreitz and Otten [1999] have introduced a uniform proof procedure for the first–order nonclassical systems. Extending the connection– driven classical search procedures, the uniform procedure specifies a search algorithm for nonclassical logics at a high level of detail. In doing this, the authors also improve on the formulation of the intuitionistic system [Otten and Kreitz 1995]. In the formulation of his intuitionistic system Wallen exploits the Gödel S4 mapping; the intuitionistic system can hence be taken as an application of the matrix system for S4. The syntax of the intuitionistic part of Kreitz and Otten’s uniform procedure is formulated more carefully, as is Otten’s implementation [1997]. The procedure has been extended to fragments of linear logic [Kreitz, Mantel, Otten and Schmitt 1997, Mantel and Kreitz 1998] and been applied in an attempt to model inductive reasoning [Kreitz and Pientka 2000]

The relationship between intuitionistic matrix proofs and proofs in Gentzen– style sequent calculi has been investigated in great detail with an eye to applications in program development systems [Kreitz and Schmitt 2000, Egly and Schmitt 1998, Egly and Schmitt 1999]. The papers include algorithmic transformations of intuitionistic matrix proofs into LJ proofs and include new results about the relationship between LJ and its multi–succedent variant [Egly and Schmitt 1999, Egly 2000].

Presenting the matrix systems in the form of a sequent calculus in effect separates pure logic from implementational considerations. The separation is not only fruitful for the presentation of ideas. It is also instructive for the design of matrix systems for new logics in general. The perspective suggests that one in such cases should take the sequent calculus as a point of departure, should there be one available, and try to design a sequent calculus with full permutability. This can be achieved by the introduction of term structures which capture dependencies between rules, so that global conditions on the proofs can be replaced by unification conditions on the terms. Given this system, one must try to design a matrix representation of the search space. In a sense this agenda summarizes the whole project of characterizing nonclassical provability in terms of matrices.

3.2. Syntax of labels

There exists a number of different variants of label syntax. Most authors let the labels prefix the formulae, others prefer to use them as suffix. I guess these variations are just a matter of personal taste. The terms ‘prefix’ and ‘label’ are used synonymously.

The object language extends the propositional fragment of the language in section 2.2 by a set of terms. A prefix term is either a prefix variable or a prefix parameter. Lower case letters from the beginning of the alphabet range over prefix parameters; upper case letters range over prefix variables. If p and q are strings of prefix terms, pq denotes the concatenation of p and q. We shall identify a string p with εp and pε. p ≺ q denotes that p is a proper initial sequence of q. By convention, ε ≺ q for any q. If the language is not first–order, i.e. if there are no quantifier terms, we shall refer to prefix terms just as terms.

To conform with the work on unification, the class of admissible strings must be limited. Let us say that a label is a string of prefix terms, including the empty string ε, which contains at most one occurrence of a given term. The symbols p and q are used for labels. If t is a prefix term which occurs in a label q and pt ⪯ q, then p is the prefix of t in q. A set of labels Θ satisfies the Unique prefix property if every prefix term has the same prefix in all labels in Θ in which it occurs. The property was identified in [Ohlbach 1988] and [Auffray and Enjalbert 1992]. Beckert and Goré [1997] base their free variable calculus on a weaker property.

A label substitution is a partial function from prefix variables into a set of labels. The set of labels in a skeleton will always satisfy the Unique prefix property, as well as being closed under ≺. It is crucial for the consistency of the systems that label substitutions preserve the Unique prefix property. There is a simple test which can be used to check this. Let Θ be a set of labels closed under ≺. We say that a substitution σ is bounded by Θ if the following condition holds for each U: if σ(U) = q^′t, there are labels pU and qt in Θ such that (pU)σ = (qt)σ.

3.1. Lemma. Let Θ be closed under ≺ and satisfy the Unique prefix property. Let σ be an idempotent label substitution bounded by Θ. Then Θσ satisfies the Unique prefix property.

Proof. Let us say that the prefix complexity of a variable U in dom(σ) is the number of variables in dom(σ) which occurs in the prefix of U in Θ. Let σ_n be the restriction of σ to the variables with prefix complexity ≤ n. The lemma holds if Θσ_n satisfies the Unique prefix property for each n, which we prove by induction. Let U have prefix complexity n and t occur in σ(U). By the boundedness condition, the prefix of t in Θσ_n is identical to its prefix in Θσ_{n−1}. By idempotence, Θσ_n = Θσ_{n−1}σ_n for each n (let Θσ_{−1} be Θ). By induction hypothesis, Θσ_{n−1} satisfies the Unique prefix property. We are done.

A labelled formula is a formula which is attached a label in brackets as suffix, like P [a]. A labelled sequent is an expression of the form Γ ⊢ Δ, where Γ and Δ are finite multisets of labelled formulae. A sequent is empty labelled if all formulae in the sequent are labelled with ε, like P [ε] ⊢ Q[ε]. If Z is a syntactical object of one of the labelled calculi in this chapter (e.g., formula, sequent, skeleton), ^Z denotes the unlabelled variant obtained by removing every label from Z. ^Z is then an object of a calculus for classical logic. An empty labelled sequent S is identified with ^S, e.g., P [ε] ⊢ Q[ε] and P ⊢ Q are identified.

3.3. Unification

The search for a closing substitution for labelled skeletons can be posed as a unification problem. The unification problems for the nonclassical matrix systems have been defined in a particularly clear way as systems of simultaneous equations by Otten and Kreitz [1996]. This section presents their unification algorithm for S4. The algorithm also works for the intuitionistic matrix system of Wallen and is closely linked to the unification problems induced by the intuitionistic systems in section 4. Otten and Kreitz have adapted their algorithm to the other modal systems addressed in this chapter as well; further details can be found in the above cited paper. The algorithm improves on the algorithm defined by Ohlbach [1988] by computing a minimal set of most general unifiers.

The presentation follows the conventions used in this chapter. In particular, t is used both for prefix variables and prefix parameters. The unification algorithm takes a set of equations {p_1 = q_1, . . . , p_n = q_n} as input on condition that {p_1, q_1, . . . , p_n, q_n} satisfies the Unique prefix property. Let Γ be the initial set of equations. The substitution σ is a unifier for Γ if it is a solution to the equations, i.e. if p_iσ = q_iσ for each i. A substitution τ is an instance of σ if there is an η such that τ = ση. A nonempty set Σ is a complete set of unifiers for Γ if each σ in Σ is a unifier and each unifier for Γ is an instance of a unifier in Σ. Σ is a most general set of unifiers if it is also minimal, i.e. if the following holds for every σ and τ in Σ: if τ is an instance of σ, then σ = τ.

The unification algorithm makes essential use of the assumed Unique prefix property. To see the strength of this principle, take two arbitrary strings p and q. Assume that p is p_1p_2 and q is q_1q_2. Assume further that σ_1 unifies p_1 and q_1 and σ_2 unifies p_2 and q_2. Thanks to the Unique prefix property we know that σ_1 ∪σ_2 is a unifier for p and q. It is precisely for this reason that the unification algorithm below always terminates.

Observe that this is not the case for string unification in general. If p is Ua and q is bU, it is clear that σ_1 = {U/b} unifies U and b and that σ_2 = {U/a} unifies a and U. But since the two substitutions disagree on U, σ_1 ∪ σ_2 does not unify p and q. This situation cannot arise for strings which satisfy the Unique prefix property.

The general idea of the algorithm is presented in the next example.

3.2. Example. To unify the labels aBcDEf and aBGhiJ we have to look for a mapping which assigns a substring of the former to each variable in the latter, and vice versa. The unifiers can be visualized in the following way:

• arrange equal terms underneath each other, • put a parameter within the range of a variable in the other string, • stretch the range of a variable so that it either overlaps with a variable in the other string or ends between two constants of the other string or ends at the end of the other string.

Here is one example:

Rule Equation → Equation Binding ⊤ ε = |ε → ⊤ ⊥1 ap = |ε → ⊥ ⊥2 ap = |bq → ⊥ E1 ε = |tp → tp = |ε E2 ap = |Uq → Uq = |ap A1 tp = |tq → p = |q A2 Utp = |V q → V q = U|tp A3 U = q|V → U = qV |ε A4 Up = q_1|V tq_2 → Up = q_1V |tq_2 A5 Up = q_1|aq_2 → Up = q_1a|q_2 B1 Up = q|ε → p = |ε U/q B2 Up = |aq → p = |aq U/ε B3 Up = q_1|abq_2 → p = |bq_2 U/q_1a B4 Ut_1p = t_2q_1|V q_2 → V q_2 = X|t_1p U/t_2q_1X

Table 1: Transformation rules for the unification algorithm. U ≠ V in A2–A4. X is fresh in B4

a B c D E f a B G h i J X _Y Two new variables, X and Y , have also found their way into the figure. They are needed for the sake of obtaining most general solutions. The unifier σ_1 = {G\cX, D\XhiY, J\Y Ef} can be derived on the basis of the figure. To get all most general unifiers we simply line up all the options: a B c D E f a B G h i J a B G h i J a B G h i J This gives rise to the following unifiers, which form a most general set: σ_0 = {G\cX, D\Xh, E\iY, J\Y f} (first row), σ_1 = {G\cX, D\XhiY, J\Y Ef} (second row), σ_2 = {G\cDX, E\XhiY, J\Y f} (third row). The core of the unification algorithm is the set of transformation rules listed in table 1. Each rule transforms an equation into another equation and a (possibly empty) substitution. To facilitate the formulation of the rules we shall use the symbol ‘|’ as a reading mark. The upper group of rules consists of one rule which generates the success mark ⊤ and two rules which generate the failure mark ⊥.

The reading mark is used only at the right hand side and serves to single out potential values for variables at the front of the left hand side. This requires that the equations be in a particular form. There are seven rules used to achieve this: two exchange rules and five rules used to advance the reading mark. We shall call these rules E1, E2 and A1–A5. In the rules A2–A4 it is essential that U ≠ V . Observe that at most one rule in the middle group can apply to a given equation.

There are four rules which produce bindings. In B4 the variable X is fresh. With the full set of rules more than one rule may apply to a given equation. More precisely, this holds for the following pairs of rules: A4 and B4; A5 and B2; A5 and B3; B2 and B3. The pairs show where there is OR–branching in the search space. Thanks to this the number of most general unifiers is in the worst case exponential in the length of the input equations.

The rules in the two uppermost groups generate no new bindings. We shall say that they transform the left hand equation into the right hand equation and the empty substitution. The other rules generate the singleton substitution given by the binding.

The algorithm operates on pairs of the form (Δ, σ), where Δ is a set of equations with the reading mark at the right hand side and σ is a label substitution. Pick an equation E in Δ and a rule which transforms E to E^′ and τ. Let Δ^′ be Δ{E/E^′}τ minus {⊤}. Then (Δ^′, σ ∪ τ) is obtained from (Δ, σ) by reduction on E. The success mark ⊤ signifies that an equation has been solved and is therefore promptly removed from the equation set. (Δ, σ) reduces to (Δ^′, σ^′) if there is a sequence of reductions leading from (Δ, σ) to (Δ^′, σ^′). Note that (Δ, σ) cannot reduce to (∅, σ^′) if ⊥ ∈ Δ.

If Γ is the initial set of equations, we let Γ_0 be the set of all strings p = |q such that p = q is in Γ. The success set for Γ is the set of all σ such that (Γ_0, ∅) reduces to (∅, σ).

3.3. Example. Let Γ_0 be {Uab = |cV }. Figure 5 depicts all reductions from (Γ_0, ∅) and shows that the success set is the singleton set {{U/cX, V/Xab}}. A graphical display of the solution is: U a b c V X

3.4. Lemma. Let Γ be a set of equations which satisfies the Unique prefix property and σ be in the success set for Γ. Then σ is idempotent and Γσ satisfies the Unique prefix property.

Proof. Idempotence is immediate from the Unique prefix property of Γ and the fact that all equations are instantiated once a new binding is computed in the reduction process. As to the second part it is immediate that all rules except B4

Line Δ_i σ_i Rule to line 1 {Uab = |cV } ∅ 2 {ab = |cV } {U/ε} B2 to 1 3 {⊥} {U/ε} ⊥2 to 2 4 {Uab = c|V } ∅ A5 to 1 5 {V = X|ab} {U/cX} B4 to 4 6 {ε = |b} {U/cX, V/Xa} B3 to 5 7 {b = |ε} {U/cX, V/Xa} E1 to 6 8 {⊥} {U/cX, V/Xa} ⊥1 to 7 9 {V = Xa|b} {U/cX} A5 to 5 10 {V = Xab|ε} {U/cX} A5 to 9 11 {ε = |ε} {U/cX, V/Xab} B1 to 10 12 ∅ {U/cX, V/Xab} ⊤ to 11 Figure 5: All reductions from (Δ_1, σ_1). σ_{12} is the only solution.

preserve the Unique prefix property. B4 introduces a variable X which does not occur in the equations. However, this variable is fresh and cannot itself be bound to a value by any of the substitutions in the success set. To see this, note that the reading mark cannot move backwards and that X occurs to the left of the mark in the resulting equation in B4. Hence the prefix of X in Γσ is unique.

3.5. Lemma. The reduction relation is well–founded.

Proof. Define a function h and a well–founded relation < such that if (Δ^′, σ^′) is obtained from (Δ, σ) by reduction, then h(Δ^′) < h(Δ). This can be done in many ways and is left for the reader.

3.6. Theorem. Let Γ be a finite set of equations and Σ be the success set for Γ. Then Σ is a most general set of unifiers and is computable in exponential time.

Proof. Let τ ∈ Σ. There must then be a reduction sequence from (Γ_0, ∅) to (∅, τ). We show that τ is a unifier for the equations in Γ by proving the following statement by induction on the length of the reduction sequence: for each pair (Δ, σ) in the sequence, τ \ σ is a solution to Δ. The base step is trivial since ∅ is a solution to ∅. For the inductive step, assume that (Δ^′, σ^′) is obtained from (Δ, σ) by reduction on E. We must now argue case by case.

Let us take one of the cases in detail. Assume that E is Up = q|ε and B1 has been used to generate p = |ε and the binding U/q. Then σ^′ = σ ∪ {U/q} and τ \σ = (τ \σ^′)∪{U/q}. By induction hypothesis, τ \σ^′ is a solution to Δ{E/p = |ε}. By inspection of the equation, it is evident that τ \ σ is a solution to Δ.

The other cases are similar. That the members of Σ are complete can be seen by inspecting the potential forms of unifiers (cnf. remarks in [Otten and Kreitz 1996]). Minimality of Σ follows since every two substitutions in Σ disagree on at least one binding in a way which blocks one substitution from being an instance of the other. This can, again, be seen from the transformation rules.

It follows from lemma 3.5 that Σ is computable. Clearly there can be exponentially many most general unifiers.

3.4. Unification by constraints

The unification algorithm above computes a set of most general unifiers for a set of equations Γ by calculating the unifiers incrementally for each equation in Γ. The technique is strong enough to derive all unifiers of Γ. In the context of proof–search it is, however, sufficient to find one solution. Since the number of most general unifiers may grow exponentially with the number and length of the strings in Γ, this observation is significant. Moreover, even if we compute only one unifier for Γ, it is not efficient to compute it by incrementally unifying the equations in Γ and backtrack in case of failure.

The unification algorithm presented in [Otten and Kreitz 2001] uses constraints to characterize variable substitutions. Several substitutions are characterized by a single constraint for each prefix. The constraints are introduced step by step for each equation, and if the resulting set of constraints is consistent, there is at least one unifier for all equations. The idea is illustrated in the example below.

3.7. Example. Consider the set of equations Γ = {UV = a, W X = Ub, W = U}. There are two solutions to the first equation, namely {U/ε, V/a} (applying B2, A5, B1, and ⊤) and {U/a, V/ε} (applying A5, B1, B1, and ⊤). Depending on which solution is chosen there are five possible unifiers for the second equation: {W/ε, X/b}, {W/b, X/ε} (in case U/ε) and {W/ε, X/ab}, {W/a, X/b}, {W/ab, X/ε} (in case U/a). We can characterize the solutions to the first equation by the constraint [UV ] = {a} expressing the fact that the first character of the string assigned to UV must be the constant a. For the second equation we introduce the constraint [W X] = {a, b}, expressing that the first character of the string assigned to W X must be either a or b. The two constraints therefore encode each of the five unifiers listed above.

In general such a domain constraint has the form U_1U_2 . . . U_n = {a_1, a_2, . . . , a_m}, denoting that the first character of the string assigned to U_1U_2 . . . U_n must be an element from the domain set {a_1, a_2, . . . , a_m}. From the first two constraints we deduce [W ] = {a, b} and [U] = {a}. To solve the third equation the first character of the strings assigned to W and U must be the same, i.e. we have to restrict both domain sets to [W ] = [U] = {a, b} ∩ {a} = {a}. In general for two constraints [V_1V_2 . . . V_j . . . V_n] = D_1 and [V_1V_2 . . . V_j ] = D_2 their domain sets D_1 and D_2 must be equal, since every substitution assigning the first character a to V_1V_2 . . . V_j also assigns it to V_1V_2 . . . V_j . . . V_m. If all constraints satisfy this property (and some others; see [Otten and Kreitz 2001]) they are said to be consistent. In order to get a

Γ, A[p], B[p] ⊢ Δ Γ, A ∧ B[p] ⊢ Δ L∧ Γ ⊢ A[p], Δ Γ ⊢ B[p], Δ Γ ⊢ A ∧ B[p], Δ R∧

Γ, A[p] ⊢ Δ Γ, B[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ L∨ Γ ⊢ A[p], B[p], Δ Γ ⊢ A ∨ B[p], Δ R∨

Γ ⊢ A[pU], Δ Γ, B[pU] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ L⊃ Γ, A[pb] ⊢ B[pb], Δ Γ ⊢ A ⊃ B[p], Δ R⊃

Γ ⊢ A[pU], Δ Γ, ¬A[p] ⊢ Δ L¬ Γ, A[pb] ⊢ Δ Γ ⊢ ¬A[p], Δ R¬

Figure 6: Propositional free variable rules.

consistent constraint set for our example we have to refine the constraint [W X] = {a, b} to [W X] = {a}. Applying the only induced substitution {U/aU^′, W/aW^′} (where U^′ and V^′ are fresh variables) to Γ yields a set of equations with the same first character a on both side of each equation. It can therefore be deleted from all equations. From the resulting set of equations the final unifier {U/a, V/ε, W/a, X/b} can be calculated easily.

The consistency algorithm illustrated in the previous example and described in detail in [Otten and Kreitz 2001] is considerably more efficient than the backtracking algorithm presented in the previous section if only one unifier needs to be calculated.

4. Propositional intuitionistic logic

The exposition of intuitionistic logic relies heavily on the concepts introduced for classical logic in section 2. Section 4.1 covers the free variable sequent calculus up to the Soundness theorem as well as matrix syntax. Completeness is established in section 4.2 through a system with ground labels.

4.1. Free variable systems

The free variable sequent calculus adopts the structural LK rules in figure 1 with the proviso that the rules now operate on labelled formulae. Contraction hence looks like this: Γ, A[p], A[p] ⊢ Δ Γ, A[p] ⊢ Δ LC Γ ⊢ A[p], A[p], Δ Γ ⊢ A[p], Δ RC

The logical rules are given in figure 6. Recall that the symbol p ranges over labels, which means that it can be either ε or a prefix term or a sequence of prefix terms. The inferences of type R⊃ and R¬ are parameter–labelled. Instances of L⊃ and L¬ are variable–labelled. If r is one of the parameter–labelled inferences in figure 6, r is said to belong to the parameter b in the premiss. A variable–labelled inference in figure 6 belongs to its variable U. A skeleton is a tree regulated by the rules which satisfies the Skeleton condition: if r and r^′ belong to the same prefix parameter, the principal formulae of the respective inferences are contextual equivalents.

An axiom is a sequent of the form Γ, P [p] ⊢ P [q], Δ with p ⪯ q. A sequent S is a σ–axiom if Sσ is an axiom. A skeleton δ is a σ–derivation provided that σ is idempotent and the labels in δσ satisfy the Unique prefix property. We shall say that δσ is a derivation. A finite derivation δσ with endsequent S is a proof of S if its leaves are all axioms. We shall say that σ closes δ and that δ is a σ–proof.

4.1. Example. The Skeleton condition is a necessary soundness condition, as witnessed by the sequent ¬(P ∧ Q) ⊢ ¬P ∨ ¬Q. The sequent is not intuitionistically valid. Nevertheless one can construct the following tree: P [a] ⊢ P [U], ¬Q ⊢ P [U], ¬P, ¬Q a Q[a] ⊢ Q[U], ¬P ⊢ Q[U], ¬P, ¬Q a ⊢ P ∧ Q[U], ¬P, ¬Q ¬(P ∧ Q) ⊢ ¬P, ¬Q U ¬(P ∧ Q) ⊢ ¬P ∨ ¬Q By convention, brackets are omitted when the label is ε. Observe that the tree violates the Skeleton condition, which blocks it from being a proof wrt. {U/a}.

We shall assume that the set of labels in skeletons satisfies the Unique prefix property. This is not required for consistency, but simplifies the exposition. The property is tacitly assumed in the matrix systems in the literature.

Variable–pure and variable–sharing skeletons are as in definition 2.5. Moreover, we shall assume that the condition which pertains to variables in variable–sharing skeletons also holds for prefix parameters: two parameter–labelled inferences belong to the same prefix parameter if and only if they are contextually equivalent.

It is easy to see that the permutation results for free variable LK can be lifted to the intuitionistic free variable system. In particular lemma 2.14 holds. Observe that sharing of variables is required for symmetrical permutation schemes in situations where the lowermost inference is branching. Consider a case of a R¬ over a L∨: A, C[a] ⊢ A ⊢ ¬C a B, C[b] ⊢ B ⊢ ¬C b A ∨ B ⊢ ¬C The inferences permute symmetrically if and only if a = b. The system also admits nonsymmetrical schemes using contraction and weakening [Waaler 2001]. Like in LK, these schemes apply to pure variable skeletons.

Labelled sequents are evaluated in two stages. Kripke models are used to interpret unlabelled formulae in the usual way, whereas labels are mapped into points in the Kripke structure.

Formally, a model is a tuple which consists of a Kripke model and a label interpretation function. A Kripke model is a triple (U, ≤, ⊩^′), where

• the universe U is a nonempty set partially ordered by ≤, • ⊩^′ is a binary relation between U and the set of atomic formulae which satisfies the Monotonicity condition: if x ⊩^′ P and x ≤ y, then y ⊩^′ P .

The forcing relation ⊩ is the weakest relation which contains ⊩^′ and is closed under the following rules: x ⊩ P iff x ⊩^′ P, P atomic, x ⊩ A ∧ B iff x ⊩ A and x ⊩ B, x ⊩ A ∨ B iff x ⊩ A or x ⊩ B, x ⊩ ¬A iff y ⊮ A for each y ≥ x, x ⊩ A ⊃ B iff y ⊮ A or y ⊩ B for each y ≥ x. A label interpretation function is a function φ from a set of labels satisfying the Unique prefix property into the universe U such that for all labels s, t: φ(s) ≤ φ(t) if s ⪯ t. A[s] is true in the model if φ(s) ⊩ A, otherwise it is false. A model is a countermodel to a sequent S if every antecedent formula in S is true and every succedent formula in S is false. S is valid if it has no countermodels. This completes the specification of basic syntax and semantics.

The proof of the Soundness theorem for classical logic contains three parts: well– foundedness of the reduction ordering, permutation of the skeleton into a form which conforms to the reduction ordering, and an induction over the resulting proof. The argument below follows the same pattern. Moreover, the technical steps can be motivated in exactly the same way (cnf. the discussion preceding theorem 2.18).

4.2. Definition. Let σ be a label substitution over a skeleton. The relations ≫ and ⊐ are binary relations over the inferences in a skeleton. They are the weakest relations closed under the following two conditions:

• if the principal formula of r_1 is an ancestor to a side formula of r_2, then r_1 ≫ r_2, • if r_1 belongs to U, σ(U) ≠ U, σ(U) ≠ ε, and r_2 belongs to the last prefix term in σ(U), then r_1 ⊐ r_2.

The reduction ordering ⊳ induced by σ is defined as the transitive closure of ≫ ∪ ⊐. The skeleton conforms to ⊳ if there are no two inferences r and r^′ such that r ⊳ r^′ and r is below r^′.

4.3. Lemma. Let σ be an idempotent label substitution which preserves the Unique prefix property of the underlying skeleton. Then the reduction ordering ⊳ induced by σ is well–founded.

Proof. Four properties of ⊐ are used in the proof. Assume that r_1 ⊐ r_2 and r_3 ⊐ r_4. Let the side formula label of r_i be p_i. Then

(i) p_1σ = p_2σ, (ii) r_2 ≧≧̸ r_1, (iii) r_2 ≠ r_3, (iv) if r_2 ≫ r_3, then p_3σ is shorter than p_2σ.

In clause (ii), ≧≧ denotes the reflexive closure of ≫. Let us first draw some simple consequences of the assumptions. Since r_1 ⊐ r_2, r_1 belongs to a variable U and r_2 belongs to the last prefix term in σ(U). Denote this term t, such that r_2 belongs to t. Hence U is the last term in p_1 and t is the last term in p_2. To prove (i), observe that both p_1σ and p_2σ end with t. The Unique prefix property gives that p_1σ = p_2σ. To prove (ii), assume for a contradiction that r_2 ≧≧ r_1. The assumption entails that U occurs in p_2; this is clear from the way that labels propagate in a skeleton. Assume first that U occurs in σ(U). By idempotence, σ(U) = U. But then t = U, contrary to the definition of ⊐. Hence U does not occur in σ(U). But if U occurs in p_2 and does not occur in σ(U), U occurs in the prefix of t in p_2. Then p_2σ contains two occurrences of t; the t in σ(U), which results from substitution of U, comes in addition to the one which already is in p_2. This contradicts the assumption that σ preserves the Unique prefix property. For (iii), note that the only way that r_2 can equal r_3 is that r_3 belongs to a variable V and σ(U) = V . But lemma 2.1 holds and entails that σ(V ) = V . This contradicts the irreflexivity of ⊐. As for (iv), let r_2 ≫ r_3. By (iii) and the assumption that r_2 belongs to t, it follows that r_3 belongs to a variable in p_2 in the prefix of t. Hence p_3 ≺ p_2. The only way that p_3σ can have the same length as p_2σ is that t is a variable V and σ(V ) = ε. But since V occurs in σ(U) and V ∈ dom(σ), lemma 2.1 gives that σ(V ) = V , contradicting the claim that σ(V ) = ε. This proves (iv).

To prove the lemma, assume that ⊳ is cyclic. By (iii), the cycle must be of the form r_1 ≫ r^′_1, r^′_1 ⊐ r_2, . . . r_n ≫ r^′_n, r^′_n ⊐ r_1.

By (ii), n must be at least 2. By (i) and (iv), the length of p_1σ must be less than the length of p_1σ. Contradiction.

4.4. Theorem. A provable empty labelled sequent is valid.

Proof. Like for free variable LK, the proof is simplified by assuming a complete variable–sharing skeleton closed by σ. By lemma 4.3, the induced reduction ordering ⊳ is well–founded. Since lemma 2.14 holds, the skeleton has a permutation variant δ which conforms to ⊳. δ is closed by σ. By induction on the length of δσ we show that every sequent in δσ is valid.

Base step: the endsequent is an axiom Γ, P [p] ⊢ P [q], Δ with p ⪯ q. Take a model of Γ, P [p] with label function φ. By the model condition for φ, φ(p) ≤ φ(q). By the Monotonicity condition, φ(q) ⊩ P , i.e. P [q] is true in the model. For the inductive step we treat the cases of the last inference in δσ being one of the implication rules: Γ ⊢ A[pq], Δ Γ, B[pq] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ Γ, A[pb] ⊢ B[pb], Δ Γ ⊢ A ⊃ B[p], Δ

In the L⊃ case q may be any string such that pq is a label. Pick a model of Γ, A ⊃ B[p]. Without loss of generality we may assume that the point pq is in the domain of the label interpretation function φ. We have to show that one member of Δ is true in the model. By the induction hypothesis applied to the proof of the left premiss, either A[pq] or a formula in Δ is true. In the latter case we are done. In the former case the truth of B[pq] follows from the model definition and the assumption that φ(p) ≤ φ(pq). Conclude by the induction hypothesis applied to the proof of the right premiss.

In the case of R⊃ let φ be the label interpretation function of an arbitrary model of Γ. If φ makes one formula in Δ true, we are done. Otherwise, let s be a point such that φ(p) ≤ s. Assume that s ⊩ A. Observe that since δ conforms to σ, b does not occur in Γ. We may therefore assume that pb is not in the domain of φ. There must then be an extension φ^′ of φ which maps pb to s. Clearly, φ^′ agrees with φ on the evaluation of formulae in Γ. By induction hypothesis, s ⊩ B. Since s is arbitrarily chosen, φ(p) ⊩ A ⊃ B.

The rules of the sequent calculus define a tableau system and a matrix system exactly as in section 2. The reduction rules defining matrices are straightforward generalizations of the classical rules in section 2.5, illustrated below for implication (U and a fresh symbols).

(A ⊃ B)[p] ⊏ [ A[pa] B[pa] ] (A ⊃ B)[p] ⊏ [ A[pU] B[pU] ]

Intuitionistic matrices differ from their classical counterparts in two ways. The connection {P [p], P [q]} is σ–complementary if σ is a label substitution such that pσ ⪯ qσ. Signed formula of the form (A ⊃ B)[p] or ¬A[p] are generative. Besides this, matrices are as in definition 2.7. The notion of a multiplicity is as in definition 2.9. A sequent S is matrix provable if there is a multiplicity μ such that the matrix of S with multiplicity μ contains a spanning set of σ–complementary connections; σ idempotent and preserving the Unique prefix property of the labels in the matrix.

4.5. Example. Let χ be ψ ⊃ P and ψ be (P ⊃ Q) ⊃ P . The sequent ¬χ ⊢ expresses that Peirce’s law cannot be consistently negated. An intuitionistically labelled variant of a classical proof of the sequent may look like this: P [UaV b] ⊢ Q[UaV b], P [Ua] ⊢ P ⊃ Q[UaV ], P [Ua] b P [UaV ] ⊢ P [Ua] ψ[Ua] ⊢ P [Ua] V ⊢ χ[U] a ¬χ ⊢ U Observe that if all labels are removed, the skeleton is an LK–proof. The matrix form gives a more compact representation: P [UaV b] Q[UaV b] P [UaV ] P [Ua]

The generative occurrences ¬χ and ψ[Ua] in the reduction sequence which generates the matrix have multiplicity 1. Note that the matrix gives rise to a proof if and only if there is a solution to the set of equations {UaV b ⪯ Ua, UaV ⪯ Ua}. The equations are clearly unsolvable.

The matrices above are essentially equivalent to matrices in Wallen’s system. The syntax is slightly different as he defines the labels (or ‘prefixes’) on positions in the formation tree of a formula rather than by explicit rules. From a logical perspective the formulation of the syntax makes no difference. Like in free variable LK intuitionistic matrices correspond to a class of variable–sharing skeletons. The intuitionistic matrix system is thus sound. Permutation properties can still be used to argue that the set of all variable–sharing skeletons differs only insignificantly from the set of all matrices (cnf. section 2.6).

4.2. A ground single step system

The labelled system presented in this section shares some of the features of Massacci’s prefixed modal systems [Massacci 1994, Massacci 2000]. We shall therefore call it the single step system.

The rules of the single step system are designed for the formulation of a systematic search procedure. There is only one essential structural rule, which we shall call the left monotonicity rule: Γ, A[pa] ⊢ Δ Γ, A[p] ⊢ Δ LM The rule reflects the Monotonicity condition for Kripke models. As usual p is a label and a is a parameter. As contraction is built directly into the logical rules, no other structural rules are needed. Weakening is, however, used for garbage collection.

The logical rules consist of the rules for disjunction and conjunction in figure 6 (page 1528) and the negation and implication rules in figure 7. In contrast to the free variable system there is a parameter condition in the single step system. The Parameter condition applies to R⊃ and R¬. It regulates the order of inferences, since a right inference which belongs to a parameter a must occur below an instance of LM which applies a. Note that a now functions as an eigenparameter. A derivation is a tree regulated by the rules of the system. A proof is a finite derivation in which each leaf is an axiom of the form Γ, P [p] ⊢ P [q], Δ with p ⪯ q.

I shall now introduce a search procedure and use this to establish a model existence theorem. The procedure is a decision procedure for intuitionistic propositional logic. It uses the same termination criterion as [Sahlin, Franzén and Haridi 1992].

Γ, A ⊃ B[p] ⊢ A[p], Δ Γ, B[p] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ LC⊃^′ Γ, A[pa] ⊢ B[pa], Δ Γ ⊢ A ⊃ B[p], Δ R⊃

Γ, ¬A[p] ⊢ A[p], Δ Γ, ¬A[p] ⊢ Δ LC¬^′ Γ, A[pa] ⊢ Δ Γ ⊢ ¬A[p], Δ R¬ Parameter condition: In R⊃ and R¬ a cannot occur in the conclusion.

Figure 7: Implication and negation rules of the single step system. The rules for conjunction and disjunction (L∧, R∧, L∨, R∨) are as in figure 6.

The procedure is formulated with an explicit OR–branching which allows us to keep a tight control over contraction. It is perfectly possible to avoid the OR–branching, but this will result in derivations which require a massive amount of pruning.

The procedure generates an exponential number of derivations; each derivation is deviced so as to minimize redundancy. The main idea is this. The process starts by generating an initial derivation. A derivation π generated at any stage is extended by adding smaller derivations to open branches. These smaller derivations are generated in parallel by the kernel of the search procedure. One can in general define many different extensions of π in this way, which is why the number of derivations grows exponentially.

The definition of the procedure applies some new concepts. Let us say that a ground label is a point. A point owns an inference if it is the label of the side formulae. A common point derivation (cpd) is a derivation in which all inferences are owned by the same point. A cpd constructed over an empty labelled endsequent is called an initial cpd. All inferences in an initial cpd are owned by ε.

The initial cpd is the simplest derivation generated by the search procedure. An initial cpd is generated by logical rules other than parameter–labelled ones. The part of the kernel comprised of these steps is called expansion. Expansion: Expand branchwise with logical rules other than R⊃ and R¬ until each branch is either an axiom or all possible expansions have been made. For each branch avoid repetitions of LC⊃^′ and LC¬^′ on the same formula.

It is easy to check that if these steps are applied to a sequent in which all formulae have identical label, which will always be the case when the expansion part is invoked, the result is a cpd. In particular this holds for the initial cpd, since the endsequent by assumption is empty labelled.

Observe also that after the expansion part is finished the leaf of each branch is either an axiom or of the form Γ, B_1[p], . . . , B_k[p] ⊢ C_1[p], . . . , C_m[p], Δ where each B_i[p]/C_j [p] is a negation or an implication. This holds for the initial cpd and will hold for all cpds generated by the procedure. The formulae in Γ, Δ are atomic, but not necessarily labelled with p. We shall say that the sequent above has branching degree m.

Using the new notions we can formulate the general structure of the procedure with greater precision. The derivations are composed of cpds stacked on one another. Each cpd is generated by the kernel of the procedure, which consists of two parts: transition and expansion. As pointed out the initial cpd is an exception since it is determined exclusively by the expansion part applied to the endsequent. The function of the transition part is to create a jump to a new point. Its role is to initiate the new cpd and prepare for further expansion steps. The reason why the initial cpd is generated without the transition part is simply that we have to generate the inferences owned by ε before any further points can be analyzed.

Besides defining the steps initiating a new cpd, the transition part also implements the termination test. The following notion is crucial.

4.6. Definition. The point q in a branch β is an endpoint wrt. β if, for each antecedent formula A[q] in β, there is an antecedent β–occurrence of A[p] for a p ≺ q. A branch is finished if its leaf is either an axiom or contains an endpoint or has branching degree 0. Hence the leaf of an unfinished branch has nonzero branching degree.

We can now describe how cpds are generated and how they give rise to new derivations. Assume that π is generated at some stage of the procedure. Assume further that π has an unfinished branch β and that the leaf of β is the sample sequent above with branching degree m. The branch gives rise to m new cpds, where cpd i is generated as follows. The transition part is first invoked. Transition: Perform in sequence:

1. Remove each succedent occurrence by weakening except C_i[p]. 2. Expand C_i[p] using a fresh parameter a. This generates an antecedent occurrence of a formula A[pa].

3. If there is an antecedent occurrence of A[q] in β for a q ≺ pa, terminate: pa will be an endpoint in the resulting derivation.

4. If the leaf is an axiom, terminate.

5. For each B_j [p], generate B_j [pa] by the rule LM.

Clause 1 is strictly speaking not needed; its function is simply to remove garbage. Assuming that C_i is of the form ¬A[p], the transition steps generate the cpd Γ, B_1[pa], . . . , B_k[pa], A[pa] ⊢ Γ, B_1[p], . . . , B_k[p], A[pa] ⊢ LM Γ, B_1[p], . . . , B_k[p] ⊢ ¬A[p] r Γ, B_1[p], . . . , B_k[p] ⊢ C_1[p], . . . , C_m[p], Δ RW We can now apply the expansion steps to the leaf sequent of this cpd. In general this results in a larger cpd owned by pa.

This procedure can be applied to each unfinished branch in π to construct cpds in parallel. If there are n unfinished branches and the branching degree of branch i is m_i, one can generate m_1 + . . . + m_n cpds by the kernel of the algorithm. Using these cpds we can construct extensions of π as follows: for each unfinished branch i in π, put one of the m_i cpds on top of the branch. This can be done in m_1 ×. . .×m_n different ways, which is the number of extensions of π.

The search procedure for the single step system follows the procedure above and generates derivations in a fair way. The procedure terminates in propositional logic. For each derivation we will eventually generate a finished leaf in all branches.

4.7. Example. Our sample sequent is ¬(P ∧ Q) ⊢ ¬P ∨ ¬Q, cnf. example 4.1. The search procedure may generate the following initial cpd: ¬(P ∧ Q) ⊢ P, ¬P, ¬Q ¬(P ∧ Q) ⊢ Q, ¬P, ¬Q ¬(P ∧ Q) ⊢ P ∧ Q, ¬P, ¬Q ¬(P ∧ Q) ⊢ ¬P, ¬Q ¬(P ∧ Q) ⊢ ¬P ∨ ¬Q Both branches are open; let β_1 be the leftmost branch in the initial cpd and β_2 be the rightmost branch. Both leaves have branching degree 2. The leftmost leaf gives rise to two cpds. One of them is below. ¬(P ∧ Q)[a], P [a] ⊢ P [a] ¬(P ∧ Q)[a], P [a] ⊢ Q[a] ¬(P ∧ Q)[a], P [a] ⊢ P ∧ Q[a] ¬(P ∧ Q)[a], P [a] ⊢ ¬(P ∧ Q), P [a] ⊢ ¬(P ∧ Q) ⊢ ¬P a ¬(P ∧ Q) ⊢ P, ¬P, ¬Q A candidat for the second is: ¬(P ∧ Q)[b], Q[b] ⊢ P [b] ¬(P ∧ Q)[b], Q[b] ⊢ Q[b] ¬(P ∧ Q)[b], Q[b] ⊢ P ∧ Q[b] ¬(P ∧ Q)[b], Q[b] ⊢ ¬(P ∧ Q), Q[b] ⊢ ¬(P ∧ Q) ⊢ ¬Q b ¬(P ∧ Q) ⊢ Q, ¬P, ¬Q Observe that β_1 and β_2 in the initial cpd have almost identical leaves. Hence one can construct cpds for β_2 which are almost identical to the two cpds above. The initial cpd has hence 4 extensions. Let us for further reference say that π_1 is a derivation obtained from the initial cpd by adding the first of the cpds above to β_1 and π_2 is a derivation obtained by adding the second cpd to β_1 (we neglect what is added to β_2). Neither of them is proof, none of them are further expandable.

To prove the Model existence theorem we must investigate the set of derivations generated over an unprovable sequent. The goal is to show that they contain enough information for the construction of a countermodel. In classical logic this is straightforward, since a single open branch of a limit object contains sufficient information. In intuitionistic logic, on the other hand, we must select a collection of open branches. The branches are selected on the basis of the following property.

4.8. Definition. Consider a sequence of derivations generated by the search procedure. A sequent is open–ended if the following holds for each derivation π in the sequence: if the sequent occurs in π, then it occurs in an open branch in π.

Open–ended sequents can be selected so that they form a tree structure. We shall see a proof of this in lemma 4.11. The construction relies on two crucial observations:

• if a sequent is open–ended and it occurs as the conclusion of a 1–premiss inference, then the premiss is open–ended, • if a sequent is open–ended and it occurs as the conclusion of a branching inference, then at least one premiss is open–ended.

Observe in particular that if a leaf Γ ⊢ C_1[p], . . . , C_m[p], Δ with branching degree m is open–ended, and this leaf is expanded, each sequent Γ ⊢ C_i[p] is also open–ended.

The construction which leads to the Model existence theorem can be formalized by a system of refutation rules, comprised of

• all 1–premiss rules of the single step system except right weakening, i.e. L∧, R∨, R⊃, LC¬^′, R¬, LM. The Parameter condition pertains to R⊃ and R¬;

• left and right projections of the branching rules: Γ ⊢ A[p], Δ Γ ⊢ A ∧ B[p], Δ Γ, A[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ Γ, A ⊃ B[p] ⊢ A[p], Δ Γ, A ⊃ B[p] ⊢ Δ Γ ⊢ B[p], Δ Γ ⊢ A ∧ B[p], Δ Γ, B[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ Γ, B[p] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ Let us give the left projection rules subscript 1 and the right projection rules subscript 2, such that the uppermost implication rule is denoted LC⊃^′_1;

• the following branching rule:

Γ, Θ ⊢ C_1[p] . . . Γ, Θ ⊢ C_m[p] Γ, Θ ⊢ C_1[p], . . . , C_m[p], Δ Split where Θ is a collection of implications and negations labelled with p and each formula in Γ, Δ is atomic, but not neccesarily labelled with p. The inference above is owned by p.

It may at a first glance seem odd that the refutation rules for conjunction and disjunction are almost identical. But recall that the rules shall be used to present open–ended sequents. The refutation trees below serve a different puropse than proofs; quite to the contrary they justify unprovability. The method of refutation trees is inspired by the technique in [Pinto and Dyckhoff 1995]. It was used in [Waaler and Wallen 1999] in a model existence argument for the multi–succedent intuitionistic calculus. The presence of labels in the single step system facilitates the formulation of the argument.

4.9. Definition. Consider a tree regulated by the refutation rules. A segment is a maximal block of successive inferences owned by the same point. A segment may contain at most one instance of Split, and this instance has to be the uppermost inference. Two successive instances of Split hence occur in different segments. A refutation tree for the intuitionistic single step system is a tree regulated by the refutation rules such that

• the tree contains no axioms, • two inferences are owned by the same point iff they occur in the same segment, • if a sequent contains an endpoint wrt. its branch, it is a leaf sequent.

A refutation tree is complete if it is not a proper subtree of a larger refutation tree.

4.10. Lemma. Let S be the uppermost sequent in the segment of inferences owned by q. Assume that there is an occurrence of A[p] in the refutation tree and that p ⪯ q. Then either A[p] occurs in S or there is an occurrence of A[p] in a sequent below S.

Proof. If A[p] is either in S or in the endsequent, we are done. Otherwise, A[p] is the side formula of an inference r. Let S be the premiss of r^′. Since every inference belongs to a unique segment, r belongs to the same segment as r^′ if p = q. If p ≺ q, it belongs to the segment of inferences owned by p. However, since labels increase as the tree grows, inferences which belong to a term in p must be below those who belong to a term which is in q but not in p. Hence r occurs below r^′.

Split characterizes all ways of expanding a sequent with positive branching degree and plays a crucial role in the characterization. Observe in particular that when refutation rules are used to represent a branch, sequences of right weakenings disappear. A premiss in Split contains the sequent obtained by selecting one succedent negation/implication and removing the rest of the succedent, i.e. the sequent which results from the first step of transition.

4.11. Lemma. If a sequent is not provable by the search procedure for the single step system, it has a finite, complete refutation tree.

Proof. All derivations generated over a given sequent agree trivially on the endsequent. By definition, the endsequent is open–ended iff none of the derivations are proofs. Hence the endsequent is open–ended. As observed above, an inference with an open–ended conclusion has at least one open–ended premiss. Starting with the endsequent we may hence construct a refutation tree from below by tracing branches in derivations, successively selecting an open–ended premiss and replacing blocks of right weakenings with a premiss in Split. The resulting limit object is

¬(P ∧ Q)[a], P [a] ⊢ Q[a] ¬(P ∧ Q)[a], P [a] ⊢ P ∧ Q[a] ¬(P ∧ Q)[a], P [a] ⊢ ¬(P ∧ Q), P [a] ⊢ ¬(P ∧ Q) ⊢ ¬P a

¬(P ∧ Q)[b], Q[b] ⊢ P [b] ¬(P ∧ Q)[b], Q[b] ⊢ P ∧ Q[b] ¬(P ∧ Q)[b], Q[b] ⊢ ¬(P ∧ Q), Q[b] ⊢ ¬(P ∧ Q) ⊢ ¬Q b ¬(P ∧ Q) ⊢ P, ¬P, ¬Q Split ¬(P ∧ Q) ⊢ P ∧ Q, ¬P, ¬Q ¬(P ∧ Q) ⊢ ¬P, ¬Q ¬(P ∧ Q) ⊢ ¬P ∨ ¬Q

Figure 8: A complete refutation tree.

a complete refutation tree. Since every open–ended sequent eventually generates a finished branch, the tree is finite.

A refutation tree ρ defines collector sets ρ^+ and ρ^−, where ρ^+ is the set of all formulae with an antecedent occurrence in a sequent in ρ and ρ^− is the set of all formulae with a succedent occurrence in ρ. The collector sets have a structure which is close to the structure of Kripke models for intuitionistic logic. The Kripke model (U, ⪯, ⊩^′) induced by ρ is given by:

• U is the set of points in ρ which are not endpoints, • q ⊩^′ P iff there is a P [p] ∈ ρ^+ for a p ⪯ q.

The associated label interpretation function ι is given by: ι(q) is the point p in U which is largest wrt. ≺ and which satisfies p ⪯ q. Hence, for each point q which occurs in ρ, ι(q) = q iff q is not an endpoint. Since the labels in ρ are closed under ≺, ι is well–defined. Observe that for each p and q in ρ, ι(p) ⪯ ι(q) iff p ⪯ q.

4.12. Example. Let us continue example 4.7 and construct a refutation tree from π_1 and π_2. Branch nr. 2 from the left in π_1 and the leftmost branch in π_2 are open. The complete refutation tree ρ in figure 8 is constructed out of these two branches. Its collector sets are: ρ^+ = {P [a], Q[b], ¬(P ∧ Q)}, ρ^− = {P, P [b], Q[a], P ∧ Q, P ∧ Q[a], P ∧ Q[b], ¬P, ¬Q, ¬P ∨ ¬Q}. The Kripke model (U, ⪯, ⊩^′) induced by ρ is given by: U = {ε, a, b}, a ⊩^′ P , b ⊩^′ Q. Since there are no endpoints, the associated label interpretation function is the identity function. It is easy to see that this is a countermodel to the endsequent.

4.13. Lemma. If x ⊩ A and x ⪯ y, then y ⊩ A.

Proof. Induction on A.

4.14. Theorem. If an empty labelled sequent is not provable in the single step system, it has a finite countermodel.

Proof. Assume that the sequent is not provable in the single step system. It is then not provable by the search procedure. By lemma 4.11, there is a finite refutation tree ρ over the sequent. We prove that the model (U, ⪯, ⊩^′) induced by ρ, and the associated label interpretation function ι, satisfy:

• for each A[p] ∈ ρ^+, ι(p) ⊩ A, • for each A[p] ∈ ρ^−, ι(p) ⊮ A.

This is proved by induction and establishes the lemma. The case that an atomic P [p] is in ρ^+ is trivial: ι(p) ⊩ P by definition. The other cases of the induction require an argument. Let us complete the base step and take the implication cases.

For the base step, let P [q] ∈ ρ^−. Take the uppermost sequent S in the segment of inferences owned by q. There is a succedent occurrence of P [q] in S. Assume for a contradiction that ι(q) ⊩ P . There must then be a P [p] ∈ ρ^+ for a p ⪯ ι(q). Since ι(q) ⪯ q, p ⪯ q. By lemma 4.10 there is an antecedent occurrence of P [p] either in S or below S. Since no atomic antecedent occurrence is removed by weakening, S contains an antecedent occurrence of P [p]. But then S is an axiom, contradicting the assumption that ρ is a refutation tree. Hence ι(q) ⊮ P . This concludes the base step.

Let A ⊃ B[p] ∈ ρ^+. We show that for any q ∈ U such that ι(p) ⪯ q, either q ⊩ B or q ⊮ A. There are two cases.

Case 1: there is an s such that ι(p) ⪯ ι(s) ⪯ q and B[s] ∈ ρ^+. By induction hypothesis, ι(s) ⊩ B. By lemma 4.13, q ⊩ B.

Case 2: otherwise. There is then an antecedent occurrence of A ⊃ B[q] in ρ. To see this, note that either ι(p) = q or ι(p) ≺ q. If ι(p) = q, either p = q, which is a trivial case, or p is an endpoint. In both cases A ⊃ B[q] ∈ ρ^+. If ι(p) ≺ q, then p ≺ q; this follows by definition of ι. It is clear from lemma 4.10 that there is an antecedent occurrence of A ⊃ B[p] below the formulae labelled with q. By the construction of ρ there are repetitions of LM so that there is an antecedent occurrence of A ⊃ B[q] in ρ. LC⊃^′_1 is applied to one of these occurrences, which yields A[q] ∈ ρ^−. By induction hypothesis, q ⊮ A.

Finally, let A ⊃ B[p] ∈ ρ^−. By construction, there is a parameter a such that A[pa] ∈ ρ^+ and B[pa] ∈ ρ^−. By induction hypothesis, ι(pa) ⊩ A and ι(pa) ⊮ B. Since ι(p) ⪯ ι(pa), ι(p) ⊮ A ⊃ B. 4.15. Corollary. The search procedure for the single step system is a decision procedure.

4.3. Completeness of the free variable system

The search procedure for the single step system can be simulated in the free variable system. The idea is to successively generate skeletons by following the steps in the construction of single step derivations. However, instead of generating m cpds for a branch with branching degree m, we generate one skeleton δ and substitutions σ_1, . . . , σ_m such that cpd π_i corresponds to δσ_i. This procedure is defined in detail in [Waaler 2001] along with a model existence argument. The procedure develops pure variable skeletons in a normal form which respects a particular ordering on inferences. The normal form, in turn, makes it easy to formulate termination conditions local to the branch.

The model existence result for the free variable system presented below is established nonconstructively. This saves us for a number of technical details. It works by relating a skeleton δ in the free variable system to a derivation π in the single step system. The basic idea is to view a substitution σ as a projection from δ onto π. The proof hence relies on the constructive proof in the previous section. In the proof of the lemma below we shall apply the derived rules LC⊃ and LC¬ in the construction of a skeleton with free variables: Γ, A ⊃ B[p] ⊢ A[pU], Δ Γ, B[pU] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ LC⊃ Γ, ¬A[p] ⊢ A[pU], Δ Γ, ¬A[p] ⊢ Δ LC¬ 4.16. Lemma. Let π be a derivation in the single step system with empty labelled endsequent. There is then a skeleton δ with the same structure as π, and a ground substitution σ, such that δσ is a proof in the free variable system if π is a proof in the single step system.

Proof. We develop δ and σ inductively from π, starting with the endsequent, and prove that δσ satisfies the following two properties:

(i) for each antecedent occurrence of A[p] in π there is a corresponding antecedent occurrence of A[q] in δσ such that q ⪯ p, (ii) for each succedent occurrence of A[p] in π there is a corresponding succedent occurrence of A[p] in δσ.

The lemma follows from this. If π is just an endsequent, put δ = π and σ = ∅. δσ satisfies (i) and (ii). Let r be an uppermost inference in π and π^′ be the derivation resulting from π by removing r (so that the conclusion of r is a leaf in π^′). By induction hypothesis there is a δ^′ and a σ^′ such that δ^′σ^′ satisfies (i) and (ii) wrt. π^′. Assume that r is Γ, ¬A[p] ⊢ A[p], Δ Γ, ¬A[p] ⊢ Δ LC¬^′ The leaf in π^′ is hence Γ, ¬A[p] ⊢ Δ; assume that the leaf in δ^′ is Γ^′, ¬A[p^′] ⊢ Δ^′. By (i), p^′σ^′ ⪯ p. We now select a fresh variable U and add the following inference to δ^′: Γ^′, ¬A[p^′] ⊢ A[p^′U], Δ^′ Γ^′, ¬A[p^′] ⊢ Δ^′ LC¬ This results in δ. Since p^′σ^′ ⪯ p, there must be a ground label g such that p^′σg = p. Put σ = σ^′ ∪ {U/g}. Note that r preserves properties (i) and (ii) wrt. δσ. If r is LC⊃^′, we apply LC⊃ and reason in exactly the same way. If r is LM, put δ = δ^′ and σ = σ^′. If r is any other inference, just add the same inference to δ^′ and put σ = σ^′.

Observe that lemma 4.16, together with the soundness result for the free variable system, also entails soundness of the single step system.

4.17. Corollary. If an empty labelled sequent is unprovable in the free variable system, it has a finite countermodel.

Proof. Assume that the sequent is not provable in the free variable system. By lemma 4.16, it is not provable in the single step system. By theorem 4.14, it has a finite countermodel.

4.4. Connection–driven proof–search

We finally address connection–driven search in the free variable system with special emphasis on matrices. Not much has been done in this area. The only published work I am aware of is the connection–based procedure of Kreitz and Otten [1999], which works uniformly for all the logics presented in this chapter. Since this implementation does not rely on normal form, it is of interest also for classical logic. However, even if the procedure works fine for propositional classical logic, the nonclassical versions are clearly open for improvements.

The source of the problem lies in the administration of multiplicities. The procedure of Kreitz and Otten in effect increases all multiplicities in an outer loop if the search for a proof with smaller multiplicities fails. What we would need is a procedure which increases multiplicities on demand. This is fairly easy to provide for first–order classical logic if we assume clausal form, but there has up to my knowledge not been published any algorithm which works for any nonclausal input. The complexity of the few prototype systems I am aware of indicates that a proper solution is not straightforward, even though the basic idea is easy to grasp. I shall leave the discussion of multiplicities here.

In the rest of this section I shall briefly sketch one way of utilizing connections. More generally, I shall discuss an adaptation of an arbitrary proof procedure for classical matrices which is independent of clausal form. We shall in particular see that the problem of restricting the term universe, discussed for free variable LK in section 2.9, also pertains to free variable search in the intuitionistic system.

Let us formulate a classical search procedure for the free variable system along the same lines as the procedure for classical logic in section 2.8. The algorithm implements a complete separation of an intuitionistical component from a classical component. To control contraction, we shall use the two derived rules LC⊃ and LC¬ introduced in section 4.3 instead of contraction, L⊃, and L¬. The search strategy applies a “classical tactic”, typically some kind of connection–driven procedure, but follows the syntax of the labelled system. The definition below makes use of a yet undefined notion of expandability.

4.18. Definition. The classical search procedure generates a skeleton over an endsequent S as follows:

1. Apply the classical tactic to generate a variable–sharing skeleton δ over S. If ^δ is not an LK–proof, terminate: S is not intuitionistically valid.

2. Repeat the following steps:

(a) Invoke the unification algorithm to check if there is a substitution which closes δ. If there is such a substitution σ, terminate: δσ is a proof of S.

(b) If there is no substitution which closes δ and no branch is expandable, terminate: S is not intuitionistically valid.

(c) Otherwise, modify δ by applying the tactic to expandable formulae in the leaves until a new classical proof is found.

A main idea behind the algorithm is to put the generation to sleep while the skeleton is tested for closure. If unification fails, the search resumes and continues to develop the classical construction. This is achieved by successively increasing the multiplicity.

4.19. Example. The procedure may, of course, be implemented on matrices rather than on skeletons. Let us adopt matrix syntax and continue example 4.5. The matrix given in that example may be the output of step 1 of the classical procedure. As pointed out the classical proof represented by this matrix fails intuitionistically. Hence step 2 is invoked. In step 2c the procedure continues to develop the matrix by increasing the multiplicities. Incrementing the multiplicity of ¬χ gives the matrix

P [U^′a^′V^′b^′] Q[U^′a^′V^′b^′]

P [U^′a^′V^′]

P [U^′a^′] P [UaV b] Q[UaV b] P [UaV ] P [Ua]

The connections {P [UaV b], P [U^′a^′]} and {P [UaV ], P [Ua]} are spanning. They give rise to the equations {UaV b ⪯ U^′a^′, UaV ⪯ Ua}, whose most general solution yields the closing substitution {V/ε, U^′/Uab}.

Rather than completing the construction of the whole classical proof before testing the labels, it is in many cases more efficient, in particular wrt. space, to finish the treatment of one branch at a time. The classical procedure is formulated as it is to make one central point clear. Since classical unprovability entails intuitionistic unprovability, connection–driven search is particularly useful for sequents which are not even classically valid. Through an initial test for classical provability the intuitionistic search may in fact exploit the NP–hardness of the classical propositional decision problem: if the test fails, the procedure terminates; otherwise, specific label–sensitive mechanisms are invoked. There is hence a significant class of sequents, i.e. the classically invalid sequents, for which the complexity of the intuitionistic decision problem can be reduced from PSPACE–completeness [Statman 1979] to NP–completeness.

There are three key factors in the realization of the idea. First, the development of a single skeleton gives rise to redundancy. To avoid this effect, skeletons must be pruned. Second, the efficiency of the algorithm depends on the use of unification algorithms. Third, to prevent expansion beyond necessity, one must control contraction.

The first point is illustrated in the intuitionistic example in section 3.1. Pruning has not been addressed explicitly for proof–search procedures, even though Schmitt and Kreitz [2000] perform pruning operations in their translation of matrix proofs into Gentzen–style proofs.

The unification problem for the intuitionistic system is almost identical to the problem addressed in section 3.3, only differing in the test for ‘⪯’ rather that ‘=’. The problem is how one can integrate the procedure in a least commitment search. This has up to now not been addressed in the literature.

To control contraction we must define expansion conditions for generative occurrences. No such conditions have been given in the literature. The following example illustrates why the termination condition used in the search procedure for the single step system does not work for variable–sharing skeletons.

4.20. Example. The following skeleton may be generated in step 1 in the classical search procedure. ¬(P ∨ Q), P [a] ⊢ P [V ], Q[V ] ¬(P ∨ Q) ⊢ P [V ], Q[V ], ¬P a ¬(P ∨ Q) ⊢ P ∨ Q[V ], ¬P ¬(P ∨ Q) ⊢ ¬P V

¬(P ∨ Q), Q[b] ⊢ P [V ], Q[V ] ¬(P ∨ Q) ⊢ P [V ], Q[V ], ¬Q b ¬(P ∨ Q) ⊢ P ∨ Q[V ], ¬Q ¬(P ∨ Q) ⊢ ¬Q V ¬(P ∨ Q) ⊢ ¬P ∧ ¬Q There are two candidates for closure. {V/a} closes the left branch, but fails to close the right branch. Observe in particular that the parameter a does not occur in the right branch. Similarly with the other candidate: {V/b} closes the right branch, but not the left, and it assigns a value to V which is absent from the left branch. The skeleton cannot be closed. It seems reasonable to expand the left leaf further and generate: ¬(P ∨ Q), P [a] ⊢ P [W ], Q[W ], P [V ], Q[V ] ¬(P ∨ Q), P [a] ⊢ P ∨ Q[W ], P [V ], Q[V ] ¬(P ∨ Q), P [a] ⊢ P [V ], Q[V ] W The resulting skeleton is closed by {V/b, W/a}. Note that the information generated by one of the inferences which belongs to V is simply redundant. We obtained a proof by generating a new variable W , but the left leaf occurrences labelled with V play no role in the proof.

In all fairness the redundancy of the previous example can be eliminated if we follow Beckert and Goré and use universal variables [Beckert and Goré 1997]. However, the problem with their method is that universal variables do not distribute over branching inferences. It is then easy to construct more complex examples of the above kind which cannot in any obvious way be resolved by universal variables.

The tight control over contraction in the search procedure for the single step system is achieved through constraints on inference order. As pointed out at the beginning of this section the single step procedure can be simulated in the free variable system by constructing pure variable skeletons in a particular normal form. We may then define a tight termination condition. But once we relax these requirements and generate variable–sharing skeletons, the termination condition is no longer valid. Exactly as for free variable LK the source of this problem lies in the redundant inferences in variable–sharing skeletons. Observe that if we rename the variable in one branch of the skeleton in example 4.20, making it variable–pure, the inference introducing the W is not needed for closure.

Even though termination conditions for intuitionistic matrix search have not been given, [Korn and Kreitz 1997] contains material which is related to this problem. The idea behind their work is to formulate the model conditions for Kripke models in classical propositional logic and use this formulation as a premiss in an analysis of a translation of the initial formula into classical propositional logic. Moreover, Wallen [1990] gives termination conditions for the modal system S5, and this provides a solution to a fragment of intuitionistic logic.

There seems to be a trade–off between sharing and independence of variables. Sharing of variables gives full permutability and hence prepares the ground for connection–driven search methods. However, the closure of a branch must then be determined by global considerations; it is in general not sufficient to constrain the range of possible substitutions to the parameters in the branch. This is, on the other hand, possible for pure variable skeletons.

5. First–order intuitionistic logic

In classical first–order logic the quantificational structure can be separated from the underlying propositional structure in a clear–cut way. This is expressed by a number of fundamental properties like the prenex normal form, Gentzen’s ‘midsequent’ theorem [Gentzen 1934–35], and Herbrand’s theorem [Herbrand 1967, Bibel 1982c]. All of these properties fail for the nonclassical systems addressed in this chapter. In intuitionistic logic the separation is blocked by a nontrivial dependency between the quantifiers and implication/negation. In modal logics quantifiers do not distribute over modal operators.

The dependency between quantifiers and propositional structure in intuitionistic logic is addressed in detail by Shankar [1992] and Voronkov [1996]. Voronkov introduces a free variable extension of Gentzen’s LJ in which constraints are developed and propagated; the constraints express the complex quantifier dependencies in intuitionistic logic in a clear way. However, LJ is a nonsymmetrical system with exceptions to permutation and is therefore not well suited for connection–driven search. Since both of these contributions are based on LJ, I shall not address them further.

Γ, A{x/y[pU]}[pU] ⊢ Δ Γ, ∀xA[p] ⊢ Δ L∀ Γ ⊢ A{x/f[pa](⃗y)}[pa], Δ Γ ⊢ ∀xA[p], Δ R∀

Γ, A{x/f[p](⃗y)}[p] ⊢ Δ Γ, ∃xA[p] ⊢ Δ L∃ Γ ⊢ A{x/y[p]}[p], Δ Γ ⊢ ∃xA[p], Δ R∃ ⃗y is a list of all labelled quantifier variables which occur free in the principal formula.

Figure 9: Free variable quantifier rules.

5.1. Term language

The term language simply combines the term language of classical first–order logic with the language of labels used in section 4. I shall refer to the terms of classical logic as standard terms; they are composed out of parameter functions f, g, h of every arity and quantifier variables x, y, z. Labels are finite strings of prefix terms without repetitions of any term. Prefix terms are divided into prefix variables U, V, W and prefix parameters a, b, c. The letters p and q are reserved for labels. Using these conventions we define the set of labelled standard terms by:

• the labelled quantifier variable x[p] is a standard term labelled with p, • if ⃗t is a list of n labelled standard terms and f has arity n, then f[p](⃗t) is a standard term labelled with p.

A substitution is a function which maps labelled quantifier variables into labelled standard terms and prefix variables into labels. A substitution σ has projections σ_Q and σ_I , defined as the restrictions of σ to, respectively, the set of labelled quantifier variables and the set of prefix variables. A substitution may satisfy the Cumulativity condition:

Cumulativity condition for σ: for each x[p] in dom(σ), if x[p] is mapped to a term labelled with q, then qσ ⪯ pσ.

A set of labels Θ satisfies the Unique prefix property if every prefix term has the same prefix in all labels in Θ in which it occurs. A substitution σ is bounded by Θ if the following condition holds. Let σ_I (U) = q^′t. Then there are labels pU and qt in Θ such that (pU)σ = (qt)σ. Boundedness by Θ preserves the Unique prefix property; it is immediate that lemma 3.1 holds also in the first–order language.

5.2. A free variable system

The rules of the first–order free variable system consist of the structural rules in figure 1 (page 1498), the propositional rules in figure 6 (page 1528) and the quantifier rules in figure 9. A skeleton is a tree of inferences which satisfies the Skeleton condition: for any r and r^′ which belong to the same prefix term, the principal formulae of the respective inferences are contextual equivalents and have identical labels in their side formulae.

Let σ be a substitution which satisfies the Cumulativity condition and δ be a skeleton. The image of δ under σ, δσ, is a derivation if it satisfies the Unique prefix property. It is a proof if it is finite and every leaf is an axiom, i.e. a sequent of the form Γ, A[p] ⊢ A[q], Δ; p ⪯ q. If δσ is a proof, σ can be viewed as the solution to a set of equations over δ. The equations are induced by the standard terms, the Cumulativity condition and the condition on axioms.

5.1. Example. Consider a skeleton over ¬¬∀xP (x) ⊢ ∀x¬¬P (x): P (x[UaV ])[UaV ] ⊢ P (f[c])[cbW ] ∀xP (x)[Ua] ⊢ P (f[c])[cbW ] V ⊢ ¬∀xP (x)[U], P (f[c])[cbW ] a ¬P (f[c])[cb] ⊢ ¬∀xP (x)[U] W ⊢ ¬∀xP (x)[U], ¬¬P (f[c])[c] b ⊢ ¬∀xP (x)[U], ∀x¬¬P (x) c ¬¬∀xP (x) ⊢ ∀x¬¬P (x) U The skeleton induces a set of equations: x = f, c ⪯ UaV , and UaV ⪯ cbW . The first of these is simply an equation of standard terms defined by ignoring all labels. The second is induced by the Cumulativity condition. The third stems from the condition on axioms. A ground solution σ is given by: σ(U) = cb, σ(V ) = ε, σ(W ) = a.

5.2. Definition. Let σ be a substitution. The projections σ_Q and σ_I induce relations ⊐_Q and ⊐_I defined as follows:

• let r_1 belong to U and σ(U) ≠ ε. If r_2 belongs to the last prefix term in σ(U), and this term is different from U, then r_1 ⊐_I r_2, • if r_1 belongs to x[p], r_2 belongs to y[q] ≠ x[p], and σ(x[p]) = y[q], then r_1 ⊐_Q r_2, • if r_1 belongs to x[p], r_2 belongs to f[q], and σ(x[p]) = f[q](·), then r_1 ⊐_Q r_2.

The reduction ordering ⊳ induced by σ is the transitive closure of ⊳_I ∪ ⊳_Q, where ⊳_I is the transitive closure of ≫ ∪ ⊐_I and ⊳_Q is the transitive closure of ≫ ∪ ⊐_Q. The skeleton conforms to ⊳ if there are no two inferences r and r^′ such that r ⊳ r^′ and r is below r^′.

Observe that the skeleton in example 5.1 conforms to the induced reduction ordering. In fact, none of the other permutation variants conform to this relation.

5.3. Lemma. Let r_1 and r_2 have side formula labels p_1 and p_2, and let ⊳ be the reduction ordering induced by σ. Assume that σ preserves the Unique prefix property. If r_1 ⊳ r_2, then p_2σ ⪯ p_1σ.

Proof. The statement follows by repeated application of the following three cases. Case 1: r_1 ≫ r_2. Then p_2 ⪯ p_1, i.e. p_2σ ⪯ p_1σ. Case 2: r_1 ⊐_I r_2. If r_1 belongs to

U and σ(U) = q^′t, then r_2 belongs to t. Thus p_1 = pU and p_2 = qt. The term t has a unique prefix in δσ and this prefix is qσ. Hence pUσ = qtσ, i.e. p_2σ = p_1σ. Case 3: r_1 ⊐_Q r_2. Let r_1 belong to x[p_1], σ(x[p_1]) = f[p_2](⃗t), and r_2 belong to f[p_2]. By the Cumulativity condition, p_2σ ⪯ p_1σ.

Like we did for classical first–order logic we shall restrict the soundness argument to skeletons closed by ground, homogeneous substitutions. This saves us from a number of technical details without destroying the main structure. A substitution σ is homogeneous wrt. δ if the following property holds. If σ(x[p]) = f[q](⃗t) and f[q^′](⃗y) occurs in δ, then f[q](⃗t) = f[q^′](⃗y)σ.

5.4. Lemma. Let σ be a ground, homogeneous substitution which preserves the Unique prefix property of the underlying skeleton. Then the reduction ordering ⊳ induced by σ is well–founded.

Proof. Let r_1, r_2, and r_3 be inferences with side formula labels p_1, p_2, p_3. We first prove that (†) if r_1 ⊐_I r_2 and r_2 ⊳ r_3, then p_3σ ≺ p_1σ. To see this, assume that r_1 ⊐_I r_2 and r_2 ⊳ r_3. By lemma 5.3, p_3σ ⪯ p_2σ and p_2σ ⪯ p_1σ. Observe that since σ is ground, r_2 belongs to a prefix parameter a. Thus p_2 is of the form qa and p_3 ⪯ q. Hence p_3σ ≺ p_2σ ⪯ p_1σ.

Should ⊳ be cyclic, the side formula labels of each inference in the cycle must be equal under σ, otherwise lemma 5.3 would be contradicted. By (†) we can conclude that ⊳ is cyclic only if ⊳_Q is cyclic. But by exactly the same argument as the proof of lemma 2.16 it follows that ⊳_Q is well–founded. Hence ⊳ is also well–founded.

A model is a pair of a Kripke model and a label interpretation function. An intuitionistic Kripke model for a first–order language without labels is a quadruple (U, D, ≤, ⊩^′), where U is a nonempty set of points partially ordered by ≤ and • D is a function which maps each point in U into a nonempty set of terms such that if x ≤ y, then D(x) ⊆ D(y), • ⊩^′ is a binary relation between U and the set of atomic formulae such that – if x ⊩^′ P (t_1, . . . , t_n), then t_1, . . . , t_n ∈ D(x), – if x ⊩^′ P (⃗t) and x ≤ y, then y ⊩^′ P (⃗t).

The forcing relation ⊩ is the weakest extension of ⊩^′ closed under: x ⊩ P (⃗t) iff x ⊩^′ P (⃗t), P (⃗t) atomic, x ⊩ A ∧ B iff x ⊩ A and x ⊩ B, x ⊩ A ∨ B iff x ⊩ A or x ⊩ B, x ⊩ ¬A iff y ⊮ A for each y ≥ x, x ⊩ A ⊃ B iff y ⊮ A or y ⊩ B for each y ≥ x, x ⊩ ∀zA iff for each y ≥ x and each t ∈ D(y), y ⊩ A{z/t}, x ⊩ ∃zA iff there is a t ∈ D(y) such that x ⊩ A{z/t}.

A label interpretation function is a function φ from a set of labels which meets the Unique prefix property into the universe U such that φ(p) ≤ φ(q) if p ⪯ q. φ interprets a set of labelled formulae Γ provided that the set of labels attached to formulae in Γ satisfies the Unique prefix property. There is also a condition on the term universes which must be fulfilled: if t is a standard term labelled with p which occurs in a formula in Γ, then ^t ∈ D(φ(p)). A formula A[s] is true in the model if φ(s) |= ^A[s], otherwise it is false.

5.5. Theorem. Let S be an empty labelled sequent provable in the free variable system. Then S is valid.

Proof. The proof is a direct extension of the proof of theorem 4.4 for the propositional language. So assume a complete, variable–sharing skeleton closed by a ground, homogeneous substitution σ. By lemma 5.4, the induced reduction ordering ⊳ is well–founded. It is easy to check that lemma 2.14 holds; this gives a permutation variant δ which conforms to ⊳ and is closed by σ. The propositional cases in the induction over δσ are as in the proof of theorem 4.4. Let us show that the rules for the universal quantifier preserve validity in δσ. Γ, A{x/t_1}[pq] ⊢ Δ Γ, ∀xA[p] ⊢ Δ L∀ Γ ⊢ A{x/t_2}[pa], Δ Γ ⊢ ∀xA[p], Δ R∀ Consider first the L∀–instance. Take a model (U, D, ≤, ⊩^′) and a label interpretation function φ which makes Γ, ∀xA[p] true. Let B be A{x/t_1}[pq]. By the Cumulativity condition we know that t_1 is a term labelled with a q_1 ⪯ pq. We may without loss of generality assume that ^t_1 ∈ D(φ(q_1)) (otherwise argue as in the proof of theorem 2.18). By the model condition, ^t_1 ∈ D(φ(pq)). Hence φ(pq) ⊩ ^B. By induction hypothesis, one formula in Δ is true.

For the R∀–inference, take a model (U, D, ≤, ⊩^′) and a label interpretation function φ which makes every formula in Γ true and every formula in Δ false. Since δ conforms to σ, neither a nor t_2 occurs in Γ, Δ. We may therefore assume that pa is not in the domain of φ and that there is no x ∈ U such that ^t_2 ∈ D(x). Take any point s such that φ(p) ≤ s and any term t ∈ D(s). Extend the Kripke model such that for each y ≥ s and each atomic P ,

• ^t_2 ∈ D(y), • y ⊩^′ P {t/ ^t_2} iff y ⊩^′ P . Extend φ such that φ(pa) = s. The extension is possible and does clearly not change the evaluation of formulae in the conclusion of the rule. By induction hypothesis, it makes A{x/t_2}[pa] true. Since this argument holds for any s and t, the model makes ∀xA[p] true. The original model agrees on this, which shows the validity of the rule.

5.3. Completeness

A ground single step system is defined by adding quantifier rules to the system in section 4.2. The system is as follows:

Single step system: LJ: Γ, A[p], B[p] ⊢ Δ Γ, A ∧ B[p] ⊢ Δ L∧ Γ, A, B ⊢ Δ Γ, A ∧ B ⊢ Δ L∧ Γ ⊢ A[p], Δ Γ ⊢ B[p], Δ Γ ⊢ A ∧ B[p], Δ R∧ Γ ⊢ A Γ ⊢ B Γ ⊢ A ∧ B R∧ Γ, A[p] ⊢ Δ Γ, B[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ L∨ Γ, A ⊢ Δ Γ, B ⊢ Δ Γ, A ∨ B ⊢ Δ L∨ Γ ⊢ A[p], B[p], Δ Γ ⊢ A ∨ B[p], Δ R∨ Γ ⊢ A Γ ⊢ A ∨ B R∨1 Γ ⊢ B Γ ⊢ A ∨ B R∨2

Γ, ¬A[p] ⊢ A[p], Δ Γ, ¬A[p] ⊢ Δ LC¬ ′ Γ ⊢ A Γ, ¬A ⊢ L¬ Γ, A[pa] ⊢ Δ Γ ⊢ ¬A[p], Δ R¬ Γ, A ⊢ Γ ⊢ ¬A R¬ Γ, A ⊃ B[p] ⊢ A[p], Δ Γ, B[p] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ LC⊃^′ Γ ⊢ A Γ, B ⊢ Δ Γ, A ⊃ B ⊢ Δ L⊃

Γ, A[pa] ⊢ B[pa], Δ Γ ⊢ A ⊃ B[p], Δ R⊃ Γ, A ⊢ B Γ ⊢ A ⊃ B R⊃

Γ, A{x/f[p]}[p] ⊢ Δ Γ, ∃xA[p] ⊢ Δ L∃ ′ Γ, A{x/f} ⊢ Δ Γ, ∃xA ⊢ Δ L∃ Γ ⊢ A{x/f[q]}[p], ∃xA[p], Δ Γ ⊢ ∃xA[p], Δ RC∃ ′ Γ ⊢ A{x/f} Γ ⊢ ∃xA R∃ Γ, ∀xA[p], A{x/f[q]}[p] ⊢ Δ Γ, ∀xA[p] ⊢ Δ LC∀ ′ Γ, A{x/f} ⊢ Δ Γ, ∀xA ⊢ Δ L∀ Γ ⊢ A{x/f[pa]}[pa], Δ Γ ⊢ ∀xA[p], Δ R∀^′ Γ ⊢ A{x/f} Γ ⊢ ∀xA R∀ Eigenparameter condition for LJ: In L∃ and R∀, f cannot occur in the conclusion. Parameter condition: In L∃^′ and R∀^′, a and f cannot occur in the conclusion. Cumulativity condition: In LC∀^′ and RC∃^′, q ⪯ p.

Figure 10: Logical rules for the single step system and for LJ. In LJ Δ is either empty or singleton.

Axioms of the form Γ, A[p] ⊢ A[q], Δ with p ⪯ q.

Structural rules: contraction, weakening and left monotonicity (LM). Logical rules in figure 10. Note the Parameter and Cumulativity conditions.

The LM rule must be used together with contraction. The search procedure for this system is faced with a difficulty not present in the propositional system. Semantically, this can be explained by reference to the natural first–order models. Points in these models may have infinite domains. A blind expansion of the points may hence be unfair. A simple sequent which illustrates this is ∀x∃yP (x, y) ⊢ ¬(A ⊃ A). If we exhaustively add inferences owned by ε, we will not find the proof. A direct adaptation of the proof procedure for the propositional system is hence unfair.

We may go around these problems by using an exhaustive search in which all formulae are expanded in every branch. A procedure of this kind is used in [Fitting and Mendelsohn 1998] to establish a model existence theorem for a number of first–order modal logics. This search procedure generates an unlimited number of redundant steps.

Rather than applying this method, we shall prove completeness of the single step system by relating it to the cut–free fragment of LJ. It is well–known that LJ without cut is complete (see e.g. [van Dalen 1986]). In this way LJ is used to illuminate the single step system. We shall use the following formulation of LJ:

Axioms of the form Γ, A ⊢ A.

Structural rules: contraction on the left and weakening. Logical rules in figure 10.

5.6. Theorem. The single step system for first–order intuitionistic logic is complete.

Proof. Let π be a derivation in LJ. The idea is to label every formula in π, starting with the endsequent, and prove that every labelled sequent in the resulting derivation π^′ satisfies the following invariants: (i) the labels in the sequent are linearly ordered by ⪯, (ii) if the sequent has one succedent occurrence, the label of this occurrence is maximal in the sequent wrt. ⪯.

The conditions entail that the set of all labels in a branch are linearly ordered by ⪯. We will have to apply structural rules in the process and add inferences to the LJ–derivation, otherwise its labelled variant will not be a well–formed derivation in the single step system. Condition (ii) entails that if π is an LJ–proof and π^′ is closed under the invariants, then π^′ is a proof in the single step system. This follows since every axiom in the LJ–proof is then mapped to an axiom in the single step system.

We proceed by induction on the size of π. If π is just the endsequent, π^′ is the empty labelled variant of the endsequent. Since ε is the only label in this sequent, π^′ satisfies (i) and (ii).

Consider the uppermost inference r in a branch in π. If the principal formula of r is a conjunction, disjunction, or existential quantifier, the argument is simple. Example: Γ ⊢ A Γ ⊢ A ∨ B r Γ^′ ⊢ A[p] Γ^′ ⊢ A[p], B[p] Γ^′ ⊢ A ∨ B[p] π^′ is constructed by constructing a single step derivation with leaf Γ^′ ⊢ A ∨ B[p] and replacing r with the two inferences to the right. The existence of the single step derivation follows from the induction hypothesis. It is immediate from the induction hypothesis that the leaf Γ^′ ⊢ A[p] satisfies the invariants.

If r is R¬, R⊃, or R∀, the situation is equally simple, the only difference is that we must choose a fresh prefix parameter for the single step inference and, in the case of R∀, remember that the eigenparameter shall also be labelled. Note that condition (ii) is preserved.

If r is L¬, L⊃, or L∀, we must use structural rules. Assume, as an example, that r is the L∀–inference below. By induction hypothesis there is a single step derivation with leaf Γ^′, ∀xA[p] ⊢ Δ^′. The term f must occur below r in the LJ–derivation. In the single step derivation it occurs with a label, say q. Since the labels in a branch are linearly ordered by ⪯, either q ⪯ p or p ⪯ q. In the former case let p^′ be p, in the latter case let p^′ be q. Use contraction on ∀xA[p] and derive ∀xA[p^′] by LM. Double bar denotes structural rules. Figure:

Γ, A{x/f} ⊢ Δ Γ, ∀xA ⊢ Δ r Γ^′, A{x/f[q]}[p^′] ⊢ Δ^′ Γ^′, ∀xA[p^′], A{x/f[q]}[p^′] ⊢ Δ^′ Γ^′, ∀xA[p^′] ⊢ Δ^′ Γ^′, ∀xA[p] ⊢ Δ^′ Observe that the instantiation of the quantifier must satisfy the Cumulativity condition. This concludes the argument.

5.7. Theorem. The free variable system for first–order intuitionistic logic is complete.

Proof. Let π be a derivation in the single step system with empty labelled endsequent. We prove that there is a free variable skeleton δ with the same structure as π, and a ground substitution σ, such that δσ is a proof if π is a proof.

The proof simply extends the proof of lemma 4.16. We shall use the details in that proof verbatim and just comment on new cases arising from the labelled standard terms and the quantifiers. In constructing δ and σ from π we have to show that δσ satisfies the following property in addition to properties (i) and (ii): (iii) each labelled standard term f[p] in π corresponds to a unique ground term in δσ of the form f[p](⃗t).

Let r be an uppermost inference in π. It is immediate that axioms and propositional inferences preserve property (iii). Assume that r is: Γ, ∀xA[p], A{x/f[q]}[p] ⊢ Δ Γ, ∀xA[p] ⊢ Δ LC∀^′ π^′ is the derivation resulting from π by removing r. The induction hypothesis gives us a skeleton δ^′ and a substitution σ^′; assume that the leaf in δ^′ is Γ^′, ∀xA[p^′] ⊢ Δ^′. Select fresh variables z and U and add the following inference to δ^′: Γ^′, ∀xA[p^′], A{x/z[p^′U]}[p^′U] ⊢ Δ^′ Γ^′, ∀xA[p^′] ⊢ Δ^′ LC∀ By induction hypothesis, p^′σ^′ ⪯ p. There must hence be a ground label g such that p^′σ^′g = p. The term f[q] in π is either the dummy element 0 or a term which occurs as an eigenparameter in an inference below r. In the former case let us say that t is 0, in the latter case t is the term in δ^′σ^′ which corresponds to f[q]; this term exists by clause (iii) and the induction hypothesis, and is labelled with q. Let σ be σ^′ ∪ {z[p^′U]/t} ∪ {U/g}. Observe that since r satisfies the Cumulativity condition, q ⪯ p; hence q ⪯ p^′Uσ. The substitution σ thus satisfies the Cumulativity condition. Clearly, δσ satisfies properties (i), (ii) and (iii). Assume next that r is the leftmost inference below: Γ ⊢ A{x/f[pa]}[pa], Δ Γ ⊢ ∀xA[p], Δ R∀ Γ ⊢ A{x/f[p^′a](⃗y)}[p^′a], Δ Γ ⊢ ∀xA[p^′], Δ R∀ We construct δσ by adding the rightmost inference to δ^′ and putting σ = σ^′. By induction hypothesis and (ii), p = p^′σ^′. Hence pa = p^′aσ, which shows that property (ii) is preserved. The term f[pa] in π corresponds to f[p^′a](⃗y)σ; observe that since each variable in ⃗y is in dom(σ), this term is ground and unique. Hence property (iii) is also preserved. The rules for the existential quantifier are treated in a similar way.

6. Normal modal logics up to S4

Section 6.1 contains a general introduction to normal modal systems. The exposition of systems up to S4 begins in section 6.2, while some stronger systems are addressed in section 7.

6.1. Modal systems: language and models

The language of propositional modal logic adds unary operators ◇ and □ to the usual connectives and quantifiers. The set of formulae is defined inductively from these logical constants, a set of standard terms and a set of atomic formulae in the usual way.

Modal logic is a conservative extension of classical logic. In the literature the various systems of modal logic are classified according to the strength of the modal principles they support. Let us first address propositional principles. We shall focus on a fairly small class of normal modal logics. The weakest normal modal logic is denoted K (after ‘Kripke’). If we take ◇ as shorthand for ¬□¬, its theorems can be defined inductively as the least set closed under the following axiom and rule schemes:

A, where A is classically valid, □(A ⊃ B) ⊃ (□A ⊃ □B), A A ⊃ B B MP, A □A RN. The first scheme in this Hilbert–style axiomatic system covers all substitution instances of valid formulae in classical propositional logic. The formula □P ⊃ □P is, e.g., obtained from A ⊃ A by substitution and is hence an axiom. The distribution axiom □(A ⊃ B) ⊃ (□A ⊃ □B) is simply denoted ‘K’. MP is the rule of proof which the medieval logicians called modus ponendo ponens. RN, the rule of necessitation, states that provability entails necessity.

In combination with RN the K principle can be viewed as a defining principle for normal systems. Other principles of interest for this chapter are: D: □A ⊃ ◇A, T: □A ⊃ A, 4: □A ⊃ □□A, 5: ◇A ⊃ □◇A. It turns out that an axiomatic presentation of the modal systems can be defined simply by adding the respective principles to the set of axioms for the system K; for this reason there is a direct correspondence between the names of the schemes and the names of the corresponding systems. The relationships between the systems addressed in this chapter form a lattice structure:

KT45

KT4 KD45

KT KD4 K45

KD K4 K The lattice represents deductive strength. If a sequent is provable in, say K4, it is also provable in KD4, but not necessarily vice versa. KT4 is identical to the

Lewis–system S4, while KT45 is identical to S5. The schemes 4 and 5 receive their names from the connection to these historically important systems. We shall mostly use the Lewis notation for these systems. D is called the deontic principle due to its role in von Wright’s pioneering work in deontic logic. T is the truth principle. The modal principles are in themselves not central for the logical systems in this section since we shall use conditions on terms to distinguish logical systems.

There are two first–order principles of particular interest: the Barcan formula and the Converse Barcan formula. They define different forms of distribution of the universal quantifier and the necessity operator: BF: ∀x□A ⊃ □∀xA, CBF: □∀xA ⊃ ∀x□A. Different first–order extensions of the modal propositional systems can be characterized using these principles.

Contemporary applications of modal logic are often semantically motivated. We shall in this chapter always use Kripke models in combination with a label interpretation function, suitably restricted to ensure that there are enough terms in the domains. I shall close the section with the introduction of the Kripke model component of the semantical structure.

A Kripke model for the modal language is a quadruple (U, D, R, V ), where • the universe U is a nonempty set of points (or “possible worlds”), • the domain function D maps each point in U into a nonempty set of ground terms, • the accessibility relation R is a binary relation on U, • V is a function which assigns a subset of U to each atomic formula, intuitively the set of points at which the atomic formula is true.

The satisfaction relation |= is the weakest relation closed under the following clauses.

x |= P iff x ∈ V (P ), P atomic, x |= A ∧ B iff x |= A and x |= B, x |= A ∨ B iff x |= A or x |= B, x |= ¬A iff x |̸= A, x |= A ⊃ B iff x |̸= A or x |= B, x |= ∀yA iff x |= A{y/c} for each c ∈ D(x), x |= ∃yA iff x |= A{y/c} for at least one c ∈ D(x), x |= □A iff y |= A for each y such that xRy, x |= ◇A iff y |= A for at least one y such that xRy.

If, for all x, y, xRy implies D(x) ⊆ D(y), the model has cumulative domains. If D(x) = D(y) for all x, y, the model has constant domains. Otherwise the domains are varying. A model for the propositional systems is simply a triple (U, R, V ).

Models for the normal propositional systems in the lattice are defined by constraining R through combinations of the following conditions:

K: no constraints, D: seriality, i.e. ∀x∃y(xRy),

T: reflexivity, 4: transitivity, 5: Euclideaness, i.e. ∀x∀y∀z(xRy ∧ xRz → yRz). If L is a system in the lattice, a model is an L–model if the accessibility relation possesses the set of properties corresponding to the letters in the name of the system. A model of KT45 (S5) is hence a model in which R is reflexive, transitive and Euclidean, i.e. an equivalence relation. For further information about the systems, consult one of the standard texts on the subject, e.g. [Chellas 1980, Hughes and Cresswell 1968, Hughes and Cresswell 1984, Fitting 1993], or the survey chapter [Bull and Segerberg 1984] in the Handbook of Philosophical Logic. The latter text contains a comprehensive list of historical references.

The theory of quantified modal logic contains a wide variety of systems; for an overview of the field consult [Garson 1984]. A recent monograph based on prefixed tableaux is [Fitting and Mendelsohn 1998]. I have in this section opted for simplicity in the formulation of the systems and have neglected the complications caused by terms in modal semantics. The quantified modal systems in this chapter contain no treatment of terms beside those induced by Skolem functions. Systems with general terms can be obtained by attaching the intensional context to the function symbols [Ohlbach 1988]. Cialdea Mayer and Cerrito [2000] introduce prefixed tableau systems for a number of quantified modal systems with special emphasis on the treatment of terms.

6.2. Free variable propositional systems

The modal systems use the labelled language introduced in section 3.2. Recall that labels are finite strings over prefix variables and prefix parameters. Variables are denoted U, V , W ; parameters are denoted a, b. A prefix term is either a prefix parameter or a prefix variable. A label p is either ε, a prefix term or a sequence of prefix terms. As usual we do not write labels when they are ε.

Let Θ be a set of labels which satisfies the Unique prefix property and (U, R, V ) be an L–model. A function φ from Θ into the universe U is a label interpretation function provided that φ(p)Rφ(pt) for all labels p and pt in Θ; t a prefix term. Label interpretation functions for the logics K, K4 and K45 are only defined for sets of ground labels. For other systems, Θ may contain labels with free variables.

A set of labelled formulae is evaluated relative to an L–model and a label interpretation function φ provided all labels which occur in the set are in the domain of φ (and hence satisfies the Unique prefix property). A[s] is true if φ(s) |= ^A[s], otherwise it is false. The pair of the L–model and φ is an L–countermodel to a sequent S if every antecedent formula in S is true and every succedent formula in S is false. S is L–valid if it has no L–countermodels.

The structural rules of the system are as in figure 1 on page 1498. The logical rules for the propositional connectives are given in figure 11. Figure 12 contains the rules for the modal operators. The variable–labelled inferences of type L□ and R◇ belong to their free variables; instances of R□ and L◇ are parameter–labelled and

Γ, A[p], B[p] ⊢ Δ Γ, A ∧ B[p] ⊢ Δ L∧ Γ ⊢ A[p], Δ Γ ⊢ B[p], Δ Γ ⊢ A ∧ B[p], Δ R∧

Γ, A[p] ⊢ Δ Γ, B[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ L∨ Γ ⊢ A[p], B[p], Δ Γ ⊢ A ∨ B[p], Δ R∨

Γ ⊢ A[p], Δ Γ, B[p] ⊢ Δ Γ, A ⊃ B[p] ⊢ Δ L⊃ Γ, A[p] ⊢ B[p], Δ Γ ⊢ A ⊃ B[p], Δ R⊃

Γ ⊢ A[p], Δ Γ, ¬A[p] ⊢ Δ L¬ Γ, A[p] ⊢ Δ Γ ⊢ ¬A[p], Δ R¬

Figure 11: Propositional rules for the modal sequent calculus.

belong to their prefix parameter. A modal skeleton is a tree constructed according to the rules which satisfies the Skeleton condition: if r and r^′ belong to the same prefix parameter, the principal formulae of the respective inferences are contextual equivalents. Variable–sharing and pure variable skeletons are as in definition 2.5.

The concept of a derivation relies on label substitutions, i.e. partial functions from prefix variables into labels. Not all label substitutions are admissible in every modal system. A typing constraint pertains to the logics between K and S4 in the lattice, given if table 2 for a substitution σ.

L L–admissible type of σ(U) K parameter KD parameter or variable KT parameter, variable, or ε K4 ground label except ε KD4 label except ε KT4 label including ε

Table 2: Typing constraints for admissible substitutions.

Let δ be a modal skeleton and σ be a label substitution. If L is KD, KT, KD4, or KT4, σ is L–admissible if it is idempotent and each value in the range of σ is of an appropriate type. δσ is an L–derivation if its labels satisfy the Unique prefix property and σ is L–admissible. An axiom is a sequent of the form Γ, P [p] ⊢ P [p], Δ. An L–proof is a finite L–derivation in which every leaf is an axiom.

Γ, A[pU] ⊢ Δ Γ, □A[p] ⊢ Δ L□ Γ ⊢ A[pa], Δ Γ ⊢ □A[p], Δ R□ Γ, A[pa] ⊢ Δ Γ, ◇A[p] ⊢ Δ L◇ Γ ⊢ A[pU], Δ Γ ⊢ ◇A[p], Δ R◇

Figure 12: Modality rules for the free variable system.

If L is K or K4, two additional constraints must be placed on a proof δσ. First, in an axiom Γ, P [p] ⊢ P [p], Δ the axiom label p must be ground. Second, σ must satisfy the Neighbourhood condition in order to be L–admissible.

Neighbourhood condition: if the term t occurs in σ(U), then there is a branch in the skeleton which contains an occurrence of U and an occurrence of t.

The Neighbourhood condition is a sensible constraint for all systems addressed in this chapter. It is, however, a necessary consistency condition for the systems K and K4, as well as for the K45 system addressed in the next section.

6.1. Example. The skeleton δ below shows that the modal systems satisfy the distribution axiom. P [V ] ⊢ P [U], Q[a] Q[U], P [V ] ⊢ Q[a] P ⊃ Q[U], P [V ] ⊢ Q[a] P ⊃ Q[U], P [V ] ⊢ □Q a P ⊃ Q[U], □P ⊢ □Q V □(P ⊃ Q), □P ⊢ □Q U δ is a proof wrt. {U/a, V/a}. δ{U/a, V/a} is hence a proof in all the modal systems under discussion. Observe in particular that all the requirements for the system K are met: the substitution assigns a parameter to the variables, the parameter occurs in a branch which also contains the variables, and the axiom labels in the proof are ground.

6.2. Example. The skeleton δ below is a proof (i.e. wrt. the empty substitution ∅) in systems at least as strong as KD. P [U] ⊢ P [U] ⊢ P ⊃ P [U] ⊢ ◇(P ⊃ P ) U P [a] ⊢ P [a] ⊢ P ⊃ P [a] ⊢ □(P ⊃ P ) a ⊢ ◇(P ⊃ P ) ∧ □(P ⊃ P ) However, ∅ fails to make the axiom label in the leftmost leaf ground. δ∅ is hence not a K–proof. The substitution {U/a} remedies this situation, but clashes with the Neighbourhood condition. δ{U/a} is hence not a K–proof either. In fact, the endsequent is not K–valid.

Matrices are, as before, defined by means of logical reduction rules; the rules for modalities are: □A[p] ⊏ A[pU] □A[p] ⊏ A[pa] ◇A[p] ⊏ A[pa] ◇A[p] ⊏ A[pU]

Consult definition 2.7 for the definition of matrices. Except that generative formulae are of the form □A[p] and ◇A[p] the multiplicity of a reduction sequence is as in definition 2.9. The key definitions for the modal matrix system are: A substitution σ is L–admissible if it is idempotent and its values are of appropriate types. If L is at least as strong as KD, this is sufficient for L–admissibility, otherwise σ must also satisfy the Neighbourhood condition (replacing “branch” with “path”). The connection {P [p], P [q]} is σ–complementary if pσ = qσ. S is matrix provable if there is a multiplicity μ such that the matrix of S with multiplicity μ contains a spanning set of σ–complementary connections; σ L–admissible and preserving the Unique prefix property of the labels in the matrix.

6.3. Example. A matrix over the truth axiom □P ⊢ P is: [ P [U] P ]

Every path through the matrix contains a {U/ε}–complementary connection. Observe that the substitution is not admissible in K, KD or K4. A matrix over the 4–instance □P ⊢ □□P is: [ P [U] P [ab] ]

Every path through the matrix contains a {U/ab}–complementary connection. □P ⊢ □□P is matrix provable in systems at least as strong as K4.

6.4. Lemma. Let Θ be a set of labels which satisfies the Unique prefix property and is closed under ≺, and let t be any prefix term with prefix p in Θ. Let σ preserve the Unique prefix property and φ : Θσ → U be a label interpretation function into the L–model (U, R, V ). Then φ(pσ)Rφ(ptσ).

Proof. Observe first that if tσ is a prefix term, φ(pσ)Rφ(ptσ) by the assumption that φ is a label interpretation function. This proves the lemma for the case that t is a parameter and the case that t is a variable U and L is either K or KD. Assume that t is a variable U, L is K4 or KD4, and σ(U) = t_1 . . . t_n. Let q_0 be pσ and q_i be pt_1 . . . t_iσ, so that pUσ = q_n. Θ is closed under ≺, hence q_i ∈ Θσ for each i ≤ n. By construction, φ(q_i)Rφ(q_{i+1}); i < n. R is by assumption transitive, hence φ(pσ)Rφ(pUσ). If L is one of the T–systems, σ(U) may also be ε. In this case R is reflexive, which yields φ(pσ)Rφ(pσ).

6.5. Theorem. Let L be between K and KT4 and S be an empty labelled L–provable sequent. Then S is L–valid.

Proof. Let π be a complete, variable–sharing skeleton over S closed by σ. Like we have observed in the soundness proofs for classical and intuitionistic logics, the assumption about sharing of variables is connected to the permutation schemes and is not essential for the argument. Exactly as in the proof of theorem 4.4 we can show that the reduction ordering ⊳ induced by σ is well–founded and that there is a permutation variant δ of π which conforms to ⊳ and is closed by σ. The argument for the latter statement applies lemma 2.14, which holds for all the modal systems. By induction on the length of δσ we show that every sequent in δσ is L–valid.

An axiom Γ, P [p] ⊢ P [p], Δ is trivially valid. For the inductive step, we treat the cases of the last inference in δσ being of one of the forms: Γ, A[pq] ⊢ Δ Γ, □A[p] ⊢ Δ Γ ⊢ A[pa], Δ Γ ⊢ □A[p], Δ In the L□ case q may be any string such that pq is a label. Pick an arbitrary model of Γ, □A[p]. We may without loss of generality assume that pq is in the domain of the label interpretation function φ. Note that the occurrence of A[pq] in δσ corresponds to an occurrence in δ of the form A[p^′U] such that Uσ = q. Hence lemma 6.4 applies and allows us to infer that φ(p)Rφ(pq). By the truth conditions, Γ and A[pq] hold in the model. By induction hypothesis, one formula in Δ is true.

In the case of R□ let φ be the label interpretation function of an arbitrary model of Γ and s be a point such that φ(p)Rs. Since δ conforms to σ, a does not occur in the conclusion. We may therefore assume that pa is not in the domain of φ. If φ makes a formula in Δ true, we are done. Otherwise, there must be a function φ^′ which agrees with φ on the evaluation of the formulae in the conclusion and which maps pa to s. By induction hypothesis, s ⊩ A. Since s is an arbitrary point, φ(p) |= □A.

6.3. Single step propositional systems

Single step rules corresponding to the free variable systems in the previous section have been introduced by Massacci [1994]. Massacci has given rules for a number of other systems as well; all of these logics have also been given a free variable formulation in [Beckert and Goré 1997].

Following the pattern used for intuitionistic logic in section 4.2 I shall formulate a search procedure and use refutation trees to establish completeness. For the logics K4, KD4 and S4 the procedure implements a termination condition based on loop– checking. The loop–checking mechanism is defined by Fitting [1983] and has been investigated further by Demri [1995].

Loop–checking is computationally expensive. An alternative to loop–checking is to constrain contraction by numerical bounds. A result of this kind is established by Cerrito and Cialdea Mayer [1997] based on a technique introduced by Ladner

Γ, A[pa] ⊢ Δ Γ, □A[p] ⊢ Δ LK Γ, □A[p], A[p] ⊢ Δ Γ, □A[p] ⊢ Δ LT Γ, □A[pa] ⊢ Δ Γ, □A[p] ⊢ Δ L4

Γ ⊢ A[pa], Δ Γ ⊢ ◇A[p], Δ RK Γ ⊢ A[p], ◇A[p], Δ Γ ⊢ ◇A[p], Δ RT Γ ⊢ ◇A[pa], Δ Γ ⊢ ◇A[p], Δ R4 Γ ⊢ A[pa], Δ Γ ⊢ □A[p], Δ R□ Γ, A[pa] ⊢ Δ Γ, ◇A[p] ⊢ Δ L◇ Parameter condition for R□ and L◇: a cannot occur in the conclusion. Side condition for LK and RK : a occurs in the branch.

Figure 13: Single step modality rules.

[1977]. The authors define a mapping of the input sequent S into a set f(S) such that the length the formulae in f(S) is polynomially bounded by the length of S. They then prove that S is S4–contradictory if and only if f(S) is T –contradictory and use this to define a contraction–free proof procedure for S4.

The results of Cerrito and Cialdea Mayer are defined for unlabelled sequent and tableau systems. By exploiting the structure of labels in single step tableaux Massacci has sharpened these results. More precisely, Massacci has established bounds on the length of prefixes and showed that a sequent is provable if and only it has a single step proof with the length of all labels constrained by the bound. For K4, KD4 and S4 the bound is quadratic in the length of the input sequent. For the other logics addressed in this section the bound is linear. Since he has also proved confluence results (up to an ordering on inferences), the bounds give rise to decision procedures. For further information about these results, and for a general discussion of approaches to termination, consult [Massacci 2000].

The structural rules and the propositional rules in figure 11 (page 1557) are shared by all the single step systems. Modality rules are given in figure 13. Observe that the Parameter condition for L◇ and R□ gives rise to rule dependencies. The systems are specified by collecting modality rules according to table 3.

We shall now prove completeness of the single step systems by a similar procedure as we used for intuitionistic logic. Recall that the main idea is to generate derivations comprised of common point derivations (cpds) stacked above each other. A cpd is generated by the kernel of the procedure. An initial cpd over the empty labelled endsequent is generated by a succession of expansion steps. All other cpds are generated by a series of transition steps followed by a series of expansion steps. Derivations grow by inserting cpds above open leaves. It is clear that since the expansion steps terminate with sequents of a particular form, the sequents to which the transition steps are applied will always be of this form. We shall use this fact below, both in the formulation of termination conditions and in the definition of

L◇ LK side LT L4 L R□ RK cond. RT R4 K × × × KD × × KT × × × K4 × × × × KD4 × × × KT4 × × × × Table 3: Typing constraints for admissible substitutions.

the transition part of the cpd–generating kernel. For the 4–logics termination relies on the following concept.

6.6. Definition. Let p ≺ q. The point q is a copy of p in β if, for each A, there is an antecedent (succedent) occurrence of A[q] in β iff there is an antecedent (succedent) occurrence of A[p]. If there is such a point p, we say that q is an endpoint wrt. β.

The expansion part of the kernel governs application of inferences which do not change labels. LT and RT are the only modality rules in this category. Observe the implicit contraction in LT and RT.

Expansion: Expand every formula whose principal symbol is a propositional connective. In T–logics one may also apply LT and RT, but avoid repeated expansion of the same formula in a branch.

The form of the open leaves are determined by such expansion steps. They are of the form Γ, Γ^′, C_1[p], . . . , C_k[p] ⊢ C_{k+1}[p], . . . , C_m[p], Δ, Δ^′ where the formulae in Γ, Δ are all atomic; each formula in Γ^′, C_{k+1}[p], . . . , C_m[p] is of the form □A[p], and each formula in C_1[p], . . . , C_k[p], Δ^′ is of the form ◇A[p]. This sequent has branching degree m. The conditions for further expansion depend on the logic. We shall say that the sequent above is finished if one of the following conditions holds.

• If the sequent is an axiom, it is finished.

• If m = 0 and the logic is not KD or KD4, it is finished.

• If the logic is K4, KD4 or KT4, the sequent is finished if it contains an endpoint wrt. its branch.

Let π be a derivation with an unfinished branch β. Assume that the leaf of β has branching degree m. The branch gives rise to m new cpds, where cpd i is generated as follows. The transition part is first invoked to create a jump to a new point. Assuming that the form of the sequent is as above, the transition part is comprised of the following steps.

Transition: Perform the following logic–sensitive steps:

1. Remove each C_j [p] by weakening except C_i[p]. Remove all formulae in Γ, Δ. 2. Expand C_i[p] using a fresh parameter a; i > 0.

KD, KD4: if m = 0, proceed as if a fresh parameter a had been introduced. 3. K4, KD4, KT4: generate B[pa] using L4 or R4 for each B[p] in Γ^′, Δ^′.

K4 and KD4: apply first contraction to B[p].

4. K, KD, KD4, K4: generate B[pa] using LK and RK for each B[p] in Γ^′, Δ^′. This gives rise to a succession of inferences. The first step generates the following form (if j > k):

Γ^′_i ⊢ C_j [p], Δ^′_i Γ_i, Γ^′_i, C_1[p], . . . , C_k[p] ⊢ C_{k+1}[p], . . . , C_{mi} [p], Δ_i, Δ^′_i RW Step 2 in the transition part invokes either R□ or L◇. After the transition part is completed the expansion part of the procedure is invoked.

Assume that the original derivation π has n unfinished branches and the branching degree of branch i is m_i. If each m_i is greater than 0, π gives rise to m_0 +. . .+m_n cpds. Using these cpds we can construct m_1 × . . . × m_n extensions of π by putting one of the m_i cpds on top of branch i for each i. If the logic is at least as strong as KD, let m^′_i be m_i if m_i > 1, otherwise m^′_i is 1. Then π gives rise to m^′_0 + . . . + m^′_n cpds, from which we can construct m^′_1 × . . . × m^′_n extensions.

The definition of refutation trees follows definition 4.9 in section 4.2, but employs a slightly modified set of refutation rules. The refutation rules for the respective modal systems consist of

• all 1–premiss rules of the single step system except right weakening, i.e. L∧, R∨, R⊃, L¬, R¬, and the modality rules, • left and right projections of the branching rules; left projections shown below: Γ ⊢ A[p], Δ Γ ⊢ A ∧ B[p], Δ Γ, A[p] ⊢ Δ Γ, A ∨ B[p] ⊢ Δ Γ ⊢ A[p], Δ Γ, A ⊃ B[p] ⊢ Δ • the Split rule:

Γ^′, C_1[p] ⊢ Δ^′ . . . Γ^′ ⊢ C_m[p], Δ^′ Γ, Γ^′, C_1[p], . . . , C_k [p] ⊢ C_{k+1}[p], . . . , C_m[p], Δ, Δ^′ Split Γ, Δ contains atomic formulae; each formula in Γ^′, C_{k+1}[p], . . . , C_m[p] is of the form □A[p], and each formula in C_1[p], . . . , C_k [p], Δ^′ is of the form ◇A[p].

The proof of the Model existence theorem for intuitionistic logic makes use of two properties of refutation trees:

• a sequent which is not provable by the search procedure has a finite, complete refutation tree (lemma 4.11), • if S is the uppermost sequent in the segment of inferences owned by q, p ⪯ q, there is an occurrence of A[p] in S or in a sequent below S (lemma 4.10).

The two properties hold also in the modal systems and are used below. The proofs of the properties transfer directly from the intuitionistic refutation system to the modal systems at hand.

6.7. Theorem. Let L be one of the propositional modal logics up to S4. If an empty labelled sequent is not provable in the single step system for L, it has a finite countermodel.

Proof. Assume that the endsequent is not provable in the single step system for L. There is then a complete refutation tree ρ over the sequent. Let the collector sets ρ^+ and ρ^− be given by: ρ^+ is the set of all formulae with an antecedent occurrence in a sequent in ρ, ρ^− is the set of all formulae with a succedent occurrence in ρ. The Kripke model (U, R, V ) induced by ρ is defined in terms of a relation R_0 and the diagonal relation Δ on U. R^+_0 and R^∗_0 denote, respectively, the transitive and the reflexive, transitive closures of R_0. R_0 is the weakest relation such that • pR_0pa for each point pa ∈ U, • if q ∈ U is a copy of p and s ∈ U, then pR_0s iff qR_0s.

Given R_0 the model (U, R, V ) is defined by:

• U is the set of points attached to formulae in ρ,

• R = R_0 for K and KD, R_0 ∪ Δ for T, R^+_0 for K4 and KD4, R^∗_0 for S4, • p ∈ V (P ) iff P [p] occurs in ρ^+.

Clearly the model is of the appropriate type for the respective systems. The identity function serves as label interpretation function. We prove that:

• for each A[p] ∈ ρ^+, p |= A, • for each A[p] ∈ ρ^−, p |̸= A.

This is established by a double induction over A and p. More precisely, the induction is over pairs of the form (A, p) with the following lexicographical order: (A, p) is less than (B, q) iff A is a subformula of B or A = B and p ≺ q. The double induction is needed in case 2 and the case that □B[p] ∈ ρ^−.

The base step in the induction is exactly as in the proof of the Model existence theorem for intuitionistic logic (theorem 4.14). It is straightforward to establish the inductive step when the principal symbol of A[p] is a truth–functional operator. The modal cases remain. Assume first that □B[p] ∈ ρ^+. We must show that for every s such that pRs, s |= B. There are 4 cases.

Case 1: s is pa for a parameter a. There must then be an antecedent occurrence of □B[p] below the segment of inferences owned by pa. By construction, the rule LK has been applied and has generated an antecedent occurrence of B[pa]. By induction hypothesis, pa |= B.

Case 2: p is an endpoint. Assume that p is a copy of q. Then q ≺ p. By definition, □B[q] ∈ ρ^+. By induction hypothesis, q |= □B. But qRs by construction of R. Hence s |= B.

Case 3: s = p. The logic is then a T –logic. The systems hence contains LT, and we must have that B[p] ∈ ρ^+. Conclude by induction hypothesis.

Case 4: s is pqa for a nonvoid label q and a parameter a. The logic is then a 4– logic. There must be an antecedent occurrence of □B[p] below the segment of inferences owned by pq. The branch contains repeated applications of L4, which makes □B[pq] ∈ ρ^+. The LK rule has been applied to this so that B[pqa] ∈ ρ^+. By induction hypothesis, pqa |= B.

Assume that □B[p] ∈ ρ^−. By construction, either p is an endpoint or there has been an application of R□. Let us take the two cases separately. If p is an endpoint, p is a copy of a point q ≺ p such that □B[q] ∈ ρ^−. By induction hypothesis q |̸= □B. There is then a point s such that qRs and s |̸= B. Since p is a copy of q, pRs. Hence p |̸= □B. If there has been an application of R□, this application has created a succedent occurrence of B[pa]. The induction hypothesis gives pa |̸= B. By construction pRpa, hence p |̸= □B. Hence p |̸= □B holds in both cases, which is what we have to prove. The ◇–cases are symmetrical.

6.8. Corollary. Let L be one of the propositional modal logics up to S4. If an empty labelled sequent is unprovable in the free variable system for L, it has a finite countermodel.

Proof. The proof of the corresponding statement for intuitionistic logic relies on a mapping from proofs in the single step system to proofs in the free variable system (lemma 4.16). It is straightforward to define a mapping of this kind for the modal systems as well. The completeness result then follows from theorem 6.7.

6.4. First–order systems with cumulative or varying domains

Employing the term language introduced in section 5.1 it is straightforward to define cumulative and varying domain extensions of the propositional systems in section 6.2. The systems are obtained by including the quantifier rules in figure 14. To summarize, the systems consist of

• contraction and weakening (cnf. figure 1 on page 1498), • the propositional rules in figure 11 on page 1557, • the modality rules in figure 12 on page 1558, • the quantifier rules in figure 14.

The systems are further defined by conditions on the set of admissible substitutions. The typing constraints in table 2 in section 6.2 transfer directly to the first–order systems. The systems are distinguished by the following conditions.

Cumulativity condition for σ: for each x[p] in dom(σ), if x[p] is mapped to a term labelled with q, then qσ ⪯ pσ.

Varying domain condition for σ: for each x[p] in dom(σ), if x[p] is mapped to a term labelled with q, then qσ = pσ.

Let σ be a substitution which satisfies the Cumulativity condition and δ be a skeleton. δσ is a derivation if it satisfies the Unique prefix property. It is a proof if

Γ, A{x/y[p]}[p] ⊢ Δ Γ, ∀xA[p] ⊢ Δ L∀ Γ ⊢ A{x/f[p](⃗y)}[p], Δ Γ ⊢ ∀xA[p], Δ R∀

Γ, A{x/f[p](⃗y)}[p] ⊢ Δ Γ, ∃xA[p] ⊢ Δ L∃ Γ ⊢ A{x/y[p]}[p], Δ Γ ⊢ ∃xA[p], Δ R∃ ⃗y is a list of all labelled quantifier variables which occur free in the principal formula.

Figure 14: Quantifier rules for first–order modal systems domains

it is finite and every leaf is an axiom, i.e. a sequent of the form Γ, A[p] ⊢ A[p], Δ. A substitution σ which closes δ can be viewed as the solution to a set of equations over δ induced by the standard terms, the Cumulativity/Varying domain conditions and the condition on axioms. The typing constraints on the substitutions restrict the space of possible solutions.

6.9. Example. Below to the left is a matrix for the instance □∀xP (x) ⊃ ∀x□P (x) of the converse Barcan formula. A matrix for the instance ∀x□P (x) ⊃ □∀xP (x) of the Barcan formula is given to the right. [ P (x[U])[U] P (f)[a] ] [ P (f[a])[a] P (x)[U] ]

The leftmost matrix is closed by the substitution {x[U]/f, U/a}. The substitution satisfies the Cumulativity condition but is not admissible for the varying domain logics. The matrix for the Barcan formula is closed by {x/f[a], U/a}, which fails to be admissible in both cumulative and varying domain systems. Note that the binding x/f[a] is not admissible in these kind of systems because x is labelled with ε and a ⪯̸ ε. 6.10. Example. The sequent □∃xP (x) ⊢ ∃x□P (x) is not valid in any of the modal systems. A matrix is: [ P (f[U])[U] P (x)[a] ]

The substitution {x/f[a], U/a} fails to be admissible in both cumulative and varying domain systems. Observe that the sequent is unprovable for exactly the same reason as the Barcan formula.

In section 6.1 a Kripke model for the modal language was defined as a quadruple (U, D, R, V ). A label interpretation function is a function φ from a set of labels Θ into the universe U such that

• Θ satisfies the Unique prefix property, • φ(p)Rφ(pt) for all labels p and pt in Θ.

Γ, ∀xA[p], A{x/f[q]}[p] ⊢ Δ Γ, ∀xA[p] ⊢ Δ LC∀^′ Γ ⊢ A{x/f[p]}[p], Δ Γ ⊢ ∀xA[p], Δ R∀^′ Γ, A{x/f[p]}[p] ⊢ Δ Γ, ∃xA[p] ⊢ Δ L∃^′ Γ ⊢ A{x/f[q]}[p], ∃xA[p], Δ Γ ⊢ ∃xA[p], Δ RC∃^′ Parameter condition: In L∃^′ and R∀^′ a and f cannot occur in the conclusion. Cumulativity condition: In LC∀^′ and RC∃^′, q ⪯ p. Varying domain condition: In LC∀^′ and RC∃^′, q = p.

Figure 15: Quantifier rules of the single step system.

For quantified versions of K, K4 and K45 all labels in Θ must be ground. φ interprets a set of labelled formulae Γ provided that for each standard term t which occurs in a formula in Γ, if t is labelled with p, then ^t ∈ D(φ(p)).

6.11. Theorem. Let S be an empty labelled sequent provable in the free variable system. Then S is valid.

Proof. The proof is a direct extension of the proof of theorem 6.5 for the propositional language. The quantifier rules are treated similarly to the soundness proof for first–order intuitionistic logic in theorem 5.5. Since the soundness proof adds little to the treatment of quantifiers in intuitionistic logic and the treatment of modalities in the propositional systems, details are left for the reader.

A single step system is obtained by adding the quantifier rules in figure 15 to the propositional single step rules in figure 13 (page 1561) and the usual structural rules in figure 1. Contraction must in general be used on the principal formulae in L4 and R4. Table 3 transfers without modification. The system we obtain is a variant of the prefixed system for modal logics defined in [Kreitz and Schmitt 2000].

The Model existence theorem can be proved for the single step system using the same argument as for quantified prefixed tableaux in [Fitting and Mendelsohn 1998]. Moreover, the mapping of single step derivations into skeletons in the free variable system defined for intuitionistic logic extends straightforwardly to the modal systems, leading to the following conclusion.

6.12. Theorem. The free variable systems for first–order modal logic are complete.

7. The S5 family

In this section we address first–order systems with constant domains for S5 and the “weak S5” systems K45 and KD45. The propositional versions of these systems enjoy a strong modal reduction property: every formula is equivalent to a formula without nested modalities. Semantically, Kripke models for this family of systems have a particularly simple structure.

The S5–like systems are hence simpler than the systems addressed in the previous section. This can be reflected directly in the logical rules. In fact there is no need to use labels longer than 1, not even for the first–order systems, which is one of the features of Kanger’s pioneering system for S5 [Kanger 1957]. The systems below are formulated in the style of Kanger. Alternatively one could follow Massacci [1994] and define the systems as proper extensions of the weaker systems. By treating the S5 family differently from the weaker systems we loose modularity, but gain simplicity of rules.

It is natural to use constant domains in first–order models of these systems. This holds in particular for S5, since an S5 model with cumulative domains also has constant domains. The technique used below can be applied to constant domain versions of the systems in the previous section (not addressed in this chapter).

7.1. Term language

In the term language for cumulative and varying domain systems, introduced in section 5.1, there are two types of terms: labelled standard terms and prefix terms. The former class of terms depends on the latter, since the labels of the standard terms are comprised of prefix terms. But there is no dependency the other way around. This situation is different for the constant domain logics. Prefix parameters in this language are function symbols which take labelled standard terms as arguments. Moreover, quantifier variables are not labelled. Using the conventions from section 5.1 we define the set of labelled standard terms by:

• the quantifier variable x is a labelled standard term, • if ⃗t is a list of n labelled standard terms and f has arity n, then f[p](⃗t) is a standard term labelled with p.

The set of prefix terms is inductively defined by

• a prefix variable U is a prefix term, • if ⃗t is a list of n labelled standard terms and a is a prefix parameter with arity n, then a(⃗t) is a prefix term. (This differs from the language in section 5.1.)

Labels are inductively defined by

• ε is a label, • if p is a label which does not contain a and a(⃗t) is a prefix term, then pa(⃗t) is a label, • if p is a label which does not contain U, then pU is a label.

The systems in this section will only use labels with length less than 2. Labels of arbitrary length are, however, needed in constant domain versions of the systems in the previous section. Substitutions and the Unique prefix property are defined as in section 5.1.

Γ, A[U] ⊢ Δ Γ, □A[p] ⊢ Δ L□ Γ, A[a(⃗y)] ⊢ Δ Γ, ◇A[p] ⊢ Δ L◇ Γ, A{x/y}[p] ⊢ Δ Γ, ∀xA[p] ⊢ Δ L∀

Γ ⊢ A[a(⃗y)], Δ Γ ⊢ □A[p], Δ R□ Γ ⊢ A[U], Δ Γ ⊢ ◇A[p], Δ R◇ Γ ⊢ A{x/y}[p], Δ Γ ⊢ ∃xA[p], Δ R∃

Figure 16: Sequent calculus rules for the S5 constant domain family. R∀ and L∃ are as in figure 14.

7.2. Free variable systems

The systems have the same structural and propositional rules as the systems in section 6 (figure 1 page 1498 and figure 11 page 1557). Rules for modalities and quantifiers are listed in figure 16. The notion of a skeleton is as in section 6.2.

The table below defines the admissible values assumed by a label substitution σ. Given this, the notions of a derivation, a L–admissible substitution and a proof are exactly as in section 6.2. The Neighbourhood condition pertains to K45 derivations.

L L–admissible type of σ(U) K45 parameter KD45 parameter or variable S5 parameter, variable, or ε

7.1. Example. The sequent □(◇P ⊃ P ), ◇P ⊢ □P is of interest in some systems of defeasible reasoning. It is provable in K45: P [b] ⊢ P [V ], P [a] P [b] ⊢ ◇P [U], P [a] V P [U], P [b] ⊢ P [a] ◇P ⊃ P [U], P [b] ⊢ P [a] □(◇P ⊃ P ), P [b] ⊢ P [a] U □(◇P ⊃ P ), ◇P ⊢ P [a] b □(◇P ⊃ P ), ◇P ⊢ □P a The skeleton is closed by the substitution {U/a, V/b}. None of the systems in section 6 are strong enough to prove the endsequent.

7.2. Example. Let us repeat example 6.9 for the constant domain systems. The matrices are now: [ P (x)[U] P (f)[a] ] [ P (f[a])[a] P (x)[U] ]

The leftmost matrix is closed by the substitution {x/f, U/a}, the rightmost is closed by {x/f[a], U/a}. There is no restriction on the substitution due to quantifier variables. Both the Barcan formula and its converse are hence provable in the constant domain systems.

7.3. Example. The sequent □∃xP (x) ⊢ ∃x□P (x) fails for the constant domain systems. In cumulative domain systems the proof is blocked by the substitution restrictions (cnf. example 6.10). However, as pointed out a proof of the Barcan formula in cumulative domain systems fails for the same reason. As shown above, the Barcan formula is provable in constant domain systems. Interestingly, an attempt to prove the sequent above for constant domains must therefore fail for another reason than it fails for cumulative domain systems. In the constant domain systems a proof is blocked by an occurs check failure. Inspect the matrix below: [ P (f[U])[U] P (x)[a(x)] ]

The equations x = f[U], U = a(x) have no finite solution.

7.4. Definition. Let σ be a substitution. The projections σ_Q and σ_M induce relations ⊐_Q and ⊐_M :

• let r_1 belong to U and σ(U) ≠ ε. If r_2 belongs to the last prefix term in σ(U), and this term is different from U, then r_1 ⊐_M r_2, • if r_1 belongs to x, r_2 belongs to y ≠ x, and σ(x) = y, then r_1 ⊐_Q r_2, • if r_1 belongs to x, r_2 belongs to f[q], and σ(x) = f[q](·), then r_1 ⊐_Q r_2.

The reduction ordering ⊳ induced by σ is the transitive closure of ⊳_M ∪ ⊳_Q, where ⊳_M is the transitive closure of ≫ ∪ ⊐_M and ⊳_Q is the transitive closure of ≫ ∪ ⊐_Q. The skeleton conforms to ⊳ if there are no two inferences r and r^′ such that r ⊳ r^′ and r is below r^′.

Lemma 7.5 below makes extensive use of the fact that prefix parameters assume labelled standard terms as arguments. It is the most interesting technical result in this section. The notion of a homogeneous substitution transfers to the extended language in a straightforward way. The property holds for σ if the following two conditions hold for all variables: If σ(x) = f[q](⃗t), and f[p](⃗y) occurs in the skeleton, then f[q](⃗t) = f[p](⃗y)σ. If a(⃗t) occurs in σ(U) and a(⃗y) occurs in the skeleton, then a(⃗t) = a(⃗y)σ. 7.5. Lemma. The reduction ordering ⊳ induced by a ground, homogeneous substitution which preserves the Unique prefix property is well–founded.

Proof. The proof is an adaptation of the proof for free variable LK (lemma 2.16). It is rewarding to use the same notation for both types of terms. Let X be either a prefix variable or a quantifier variable and F be either a parameter function or a prefix parameter. The expression F [p](⃗y) has different meaning depending on what F is. If F is a prefix parameter, F [p](⃗y) denotes that the prefix term F (⃗y) occurs

Γ, A[a] ⊢ Δ Γ, ◇A[p] ⊢ Δ L◇ Γ, □A[p], □A[a] ⊢ Δ Γ, □A[p] ⊢ Δ LC45 Γ, □A[p], A[p] ⊢ Δ Γ, □A[p] ⊢ Δ LT

Γ ⊢ A[a], Δ Γ ⊢ □A[p], Δ R□ Γ ⊢ ◇A[a], ◇A[p], Δ Γ ⊢ ◇A[p], Δ RC45 Γ ⊢ A[p], ◇A[p], Δ Γ ⊢ ◇A[p], Δ RT Parameter condition: In L◇ and R□, a cannot occur in the conclusion. Side condition for L45 and R45 : The parameter a occurs in the branch.

Figure 17: Single step modality rules.

with prefix p (this prefix is unique by the Unique prefix property). If F is a standard function symbol, F [p](⃗y) denotes (as usual) a standard term labelled with p. r(X) denotes that the inference r either belongs to X or occurs above an inference r^′ which belongs to X such that r ⊳ r^′. Observe that if r(X) belongs to F and F [p](⃗y) occurs in the skeleton, then X occurs in either p or ⃗y.

If ⊳ is not well-founded, there must be a cycle r_1(X_1) ⊳ . . . ⊳ r_n(X_n) ⊳ r_1(X_1); r_i belongs F_i and σ(X_1) = F_2[q_2](⃗t_2), . . ., σ(X_{n−1}) = F_n[q_n]( ⃗t_n), σ(X_n) = F_1[q_1](⃗t_1). Since σ is homogeneous, F_2[q_2](⃗t_2) occurs in either q_1 or ⃗t_1, F_3[q_3](⃗t_3) occurs in either q_2 or ⃗t_2, etc. But then F_1[q_1](⃗t_1) occurs in either q_1 or ⃗t_1. The former case contradicts the assumption that σ preserves the Unique prefix property, the latter case contradicts the assumption that terms are finite.

7.6. Theorem. Let L be K45, KD45 or S5. If S is an empty labelled L–provable sequent, S is L–valid.

Proof. The proof follows the pattern of the other soundness proofs in the chapter, and applies lemma 7.5 at the obvious place in the argument. The propositional cases and the quantifier cases in the induction are straightforward. The modalized formulae are treated exactly as in the proof of theorem 6.5, except that the argument applies the following modification of lemma 6.4. Let Θ be a set such that if p ∈ Θ, then p is either ε or a prefix term. Let t_1 and t_2 be terms in Θ and φ : Θσ → U be a label interpretation function into the L–model (U, R, V ). Then φ(t_1)Rφ(t_2). Proof: By the model condition for φ, φ(ε)Rφ(t_1) and φ(ε)Rφ(t_2). Conclude by Euclideaness.

7.3. Ground single step systems

Except for the modalities the single step systems have the same rules as the single step systems in the previous section. The propositional rules are listed in figure 11, page 1557; quantifier rules are in figure 15, page 1567; modality rules are in figure 17. Observe that both the quantifier rules and the modality rules are constrained by parameter conditions. Single step systems are defined by collections of modality rules:

L◇ LC45 side LT L R□ RC45 cond. RT K45 × × × KD45 × × S5 × × ×

7.7. Theorem. If an empty labelled sequent is not provable in the single step system for one of the three logics, it has a countermodel.

Proof. The proof exploits the strong similarity between the single step system and Gentzen’s classical system LK. The similarity lies in the parameter conditions. More precisely, the Parameter condition which pertains to L◇ and R□ in effect turns the parameter a in figure 17 into an eigenparameter.

The specification of a fair search procedure is straightforward and is left for the reader. A countermodel can be constructed out of an open branch β in the limit object; let β^+ be the set of formulae with an antecedent occurrence in β and β^− be the set of formulae with a succedent occurrence. The model (U, D, R, V ) is given by: U is the set of labels which occur in β; for each x, D(x) contains ^t for each labelled standard term t in β; V (P ) is the set of all points p in U such that P [p] occurs in β^+. In S5 R is U×U. In the two other systems R is U×U minus U×{ε}. We use the identity function as label interpretation function. It is then easy to show that for each A[p] ∈ β^+, p |= ^A and for each A[p] ∈ β^−, p |̸= ^A.

7.8. Corollary. If an empty labelled sequent is unprovable in the free variable system, it has a countermodel.

Proof. Following the line of reasoning used in the proofs of lemma 4.16 and theorem 5.7 the mapping from a derivation in the single step system into a derivation in the free variable system is straightforward. Conclude by theorem 7.7.

Acknowledgments

Some of the central views in this chapter have developed in discussions with Lincoln Wallen over a long period of time. The response from my readers has improved the quality of presentation significantly. Jens Otten has given significant help both for the conception and the presentation of unification. I have also received detailed and valuable criticism from Herman Ruge Jervell, Stephane Demri and Antonio Rotolo. Sincere thanks to all of them.

Bibliography

Andrews P. [1981], ‘Theorem proving via general matings’, Journal of the ACM 28(2), 193–214. Artosi A., Benassi P., Governatori G. and Rotolo A. [1998], Shakesperian modal logic, in M. Kracht, M. de Rijke, H. Wansing and M. Zakharyaschev, eds, ‘Advances in Modal Logic’, CSLI Publications, Stanford, pp. 1–21.

Artosi A. and Governatori G. [1994], Labelled model modal logic, in ‘Proceedings of the CADE–12 Workshop on Automated Model Building’, pp. 11–17.

Auffray Y. and Enjalbert P. [1992], ‘Modal theorem proving: An equational viewpoint’, Journal of Logic and Computation 2(3), 247–297.

Avron A. [1991], ‘Using hypersequents in proof systems for non-classical logics’, Annals of Mathematics and Artificial Intelligence 4, 225–248.

Baader F. and Snyder W. [2001], Unification theory, in A. Robinson and A. Voronkov, eds, ‘Handbook of Automated Reasoning’, Vol. I, Elsevier Science, chapter 8.

Baaz M. and Fernmüller C. G. [1995], Nonelementary speedups between different versions of tableaux, in P. Baumgartner, R. Hähnle and J. Posegga, eds, ‘Proc. 4th. Workshop on Deduction with Tableaux and Related Methods’, Vol. 918 of LNCS, Springer–Verlag, pp. 217– 230.

Beckert B. and Goré R. [1997], Free variable tableaux for propositional modal logics, in D. Galmiche, ed., ‘International Conference on Theorem Proving with Analythic Tableaux and Related Methods’, Vol. 1227 of LNAI, Springer–Verlag, Berlin, pp. 91–106.

Beckert B. and Hähnle R. [1992], An improved method for adding equality to free variable semantic tableaux, in D. Kapur, ed., ‘Proceedings, 11th. International Conference on Automated Deduction’, LNCS 607, pp. 507–521.

Beckert B. and Schmitt R. H. P. [1993], The even more liberalized δ-rule in free variable semantic tableaux, in ‘Proceedings of the third Kurt Gödel Colloquium’, Vol. 713 of LNCS, Springer–Verlag, pp. 108–119.

Belnap N. D. [1982], ‘Display logic’, Journal of Philosophical Logic 11, 375–417. Bibel W. [1981], ‘On matrices with connections’, Journal of the ACM 28(4), 633–645. Bibel W. [1982a], Automated Theorem Proving, Vieweg, Braunschweig. Bibel W. [1982b], ‘A comparative study of several proof procedures’, Artificial Intelligence 18(3), 269–293.

Bibel W. [1982c], Computationally improved versions of Herbrand’s Theorem, in J. Stern, ed., ‘Proceedings of the Herbrand Symposium, Logic Colloquium ’81’, North-Holland Publishing Co., Amsterdam, pp. 11–28.

Bibel W. [1987], Automated Theorem Proving, second revised edn., Vieweg, Braunschweig. Bibel W. and Eder E. [1993], Methods and calculi for deduction, in D. Gabbay, C. Hogger and J. Robinson, eds, ‘Handbook of logic in artificial intelligence and logic programming’, Vol. 1, Clarendon Press, Oxford, pp. 68–182.

Boyer R. and Moore J. [1972], The sharing of structure in theorem-proving programs, in B. Meltzer and D. Michie, eds, ‘Machine Intelligence’, Vol. 7, Edinburgh University Press, pp. 101–116.

Bull R. and Segerberg K. [1984], Basic modal logic, in D. Gabbay and F. Guenthner, eds, ‘Handbook of Philosophical Logic’, Vol. 2, D. Reidel, pp. 1–88.

Cerrito S. and Cialdea Mayer M. [1997], ‘A polynomial translation of S4 into T and contraction free tableaux for S4’, Logic Journal of the IGPL .

Chellas B. [1980], Modal Logic: An Introduction, Cambridge University Press. Cialdea Mayer M. and Cerrito S. [2000], Variants of first–order modal logics, in R. Dyckhoff, ed., ‘Automated Reasoning with Analytic Tableaux and Related Methods’, Vol. 1847 of LNAI, Springer–Verlag, pp. 175–189.

Curry H. [1952], ‘The elimination theorem when modality is present’, Journal of Symbolic Logic 17, 249–265.

1574 Arild Waaler

Demri S. [1995], ‘Uniform and non uniform strategies for tableaux calculi for modal logics’, Journal of Applied Non-Classical Logics 5(1), 77–96.

Egly U. [2000], Properties of embeddings from Int to S4, in R. Dyckhoff, ed., ‘Automated Reasoning with Analytic Tableaux and Related Methods’, Vol. 1847 of LNAI, Springer–Verlag, pp. 205–220.

Egly U. and Schmitt S. [1998], Intuitionistic proof transformation and their application to constructive program synthesis, in J. Calmet and J. Plaza, eds, ‘Proc. AISC’, Vol. 1476 of LNAI, Springer–Verlag, pp. 132–144.

Egly U. and Schmitt S. [1999], ‘On intuitionistic proof transformation, their complexity and application to constructive program synthesis’, Fundamenta Informaticae 39, 59–83.

Fitch F. [1966], ‘Tree proofs in modal logic’, Journal of Symbolic Logic 31, 152. Fitting M. [1983], Proof methods for modal and intuitionistic logics, Reidel, Dordrecht. Fitting M. [1993], Basic modal logic, in D. Gabbay, C. Hogger and J. Robinson, eds, ‘Handbook of logic in artificial intelligence and logic programming’, Vol. 1, Clarendon Press, Oxford, pp. 368–448.

Fitting M. [1996], First-Order Logic and Automated Theorem Proving, Springer-Verlag. Fitting M. and Mendelsohn R. [1998], First–Order Modal Logic, Kluwer Academic Publishers. Gabbay D. [1996], Labelled deductive systems, Oxford University Press. Garson J. [1984], Quantification in modal logic, in D. Gabbay and F. Guenthner, eds, ‘Handbook of Philosophical Logic’, Vol. 2, D. Reidel, pp. 249–308.

Gentzen G. [1934–35], ‘Untersuchungen über das logische Schließen’, Mathematische Zeitschrift, 39:176–210, 405–431, 1934-1935. English translation in M.E. Szabo The Collected Papers of Gerhard Gentzen, North-Holland, Amsterdam, 1969.

Goré R. [1999], Tableau methods for modal and temporal logics, in M. D’Agostino, D. Gabbay, R. Hähnle and J. Posegga, eds, ‘Handbook of Tableaux Methods’, Kluwer Academic Press, Dordrecht, pp. 297–396.

Governatori G. [1995], Labelled tableaux for multi–modal logics, in P. Baumgartner, r. Hähnle and J. Posegga, eds, ‘Theorem Proving with Analytic Tableaux and Related Methods’, Vol. 918 of LNAI, Springer Verlag, Berlin, pp. 79–94.

Governatori G. and Rotolo A. [2000], Labelled modal sequents, in R. Dyckhoff, ed., ‘Automated Reasoning with Analytic Tableaux and Related Methods. Position Papers and Tutorials’, CS/00/001, University of St. Andrews, School of Computer Science, Springer–Verlag, pp. 3–22.

Hähnle R. and Klingenbeck S. [1996], ‘A-ordered tableaux’, Journal of Logic and Computation 6(6), 819–834.

Herbrand J. [1967], Investigations in proof theory, in J. van Heijenoort, ed., ‘From Frege to Gödel: A Source Book of Mathematical Logic’, Harvard University Press, Cambridge, MA, pp. 525–581.

Hintikka J. [1962], Knowledge and Belief, Cornell University Press. Hughes G. and Cresswell M. [1968], An Introduction to Modal Logic, Methuen, London. Hughes G. and Cresswell M. [1984], A Companion to Modal Logic, Methuen, London. Kanger S. [1957], Provability in logic, Stockholm Studies in Philosophy, Almquist and Wiksell, Stockholm.

Kleene S. [1952], ‘Permutability of inferences in Gentzen’s calculi LK and LJ’, Memoirs of the American Mathematical Society 10, 1–26.

Korn D. and Kreitz C. [1997], Deciding intuitionistic propositional logic via translation into classical logic, in ‘14^{th} International Conference on Automated Deduction’, Vol. 1249 of LNAI, Springer Verlag, Berlin, pp. 131–145.

Kreitz C., Mantel H., Otten J. and Schmitt S. [1997], Connection-based proof construction in linear logic, in ‘14^{th} International Conference on Automated Deduction’, Vol. 1249 of LNAI, Springer Verlag, Berlin, pp. 207–221.

Kreitz C. and Otten J. [1999], ‘Connection-based theorem proving in classical and non-classical logics’, Journal for Universal Computer Science 5(3), 88–112.

Kreitz C. and Pientka B. [2000], Matrix-based inductive theorem proving, in R. Dyckhoff, ed., ‘International Conference TABLEAUX-2000’, Vol. 1847 of Lecture Notes in Artificial Intelligence, Springer Verlag, pp. 294–308.

Kreitz C. and Schmitt S. [2000], ‘A uniform procedure for converting matrix proofs into sequent-style systems’, Journal of Information and Computation 162(1–2), 226–254.

Kripke S. [1959], ‘A completeness theorem in modal logic’, Journal of Symbolic Logic 24(1), 1– 14. Kripke S. [1963], ‘Semantic analysis of modal logic I: Normal modal propositional calculi’, Zeitschrift für mathematische Logik und Grundlagen der Mathematik 9, 67–96.

Ladner R. E. [1977], ‘The computational complexity of provability in systems of modal propositional logic’, SIAM Journal of Computation 6, 467–480.

Letz R. [1999], Tableau methods for modal and temporal logics, in M. D’Agostino, D. Gabbay, R. Hähnle and J. Posegga, eds, ‘Handbook of Tableaux Methods’, Kluwer Academic Press, Dordrecht, pp. 125–196.

Letz R. and Stenz G. [2001], Model elimination and connection tableau procedures, in A. Robinson and A. Voronkov, eds, ‘Handbook of Automated Reasoning’, Vol. II, Elsevier Science, chapter 28.

Maehara S. [1954], ‘Eine Darstellung der intuitionistische Logik in der klassischen’, Nagoya Mathematical Journal 7, 45–64.

Mantel H. and Kreitz C. [1998], A matrix characterization for MELL, in U. F. J. Dix, F. L. Del Cerro, ed., ‘6^{th} European Workshop on Logics in AI (JELIA-98)’, Vol. 1489 of Lecture Notes in Artificial Intelligence, Springer Verlag, pp. 169–183.

Massacci F. [1994], Strongly analytic tableaux for normal modal logics, in A. Bundy, ed., ‘Proc.

CADE–12’, Vol. 814 of LNAI, Springer–Verlag, pp. 723–739.

Massacci F. [2000], ‘Single step tableaux for modal logics’, Journal of Automated Reasoning 24(3), 319–364.

Mints G. [1997], ‘Indexed systems of sequents and cut-elimination’, Journal of Philosophical Logic 26(6), 671–696.

Ohlbach H.-J. [1988], A resolution calculus for modal logics, in E. Lusk and R. Overbeek, eds, ‘Proc. 9th International Conference on Automated Deduction’, Vol. 310 of LNCS, Springer– Verlag, pp. 500–516.

Ohlbach H.-J. [1990], ‘Semantics-based translation methods for modal logics’, Journal of Logic and Computation 1(5), 691–746.

Ohlbach H., Nonnengart A., de Rijke M. and Gabbay D. [2001], Encoding two-valued nonclassical logics in classical logic, in A. Robinson and A. Voronkov, eds, ‘Handbook of Automated Reasoning’, Vol. II, Elsevier Science, chapter 21.

Ohnishi M. and Matsumoto K. [1957a], ‘Corrections to our paper ‘Gentzen method in modal calculi I”, Osaka Mathematical Journal 10, 147.

Ohnishi M. and Matsumoto K. [1957b], ‘Gentzen method in modal calculi I’, Osaka Mathematical Journal 9, 113–130.

Ohnishi M. and Matsumoto K. [1959], ‘Gentzen method in modal calculi II’, Osaka Mathematical Journal 11, 115–120.

Otten J. [1997], ileanTAP: An Intuitionistic Theorem Prover, in D. Galmiche, ed., ‘International Conference on Automated Reasoning with Analytic Tableaux and Related Methods’, Vol. 1227 of LNAI, Springer Verlag, Berlin, pp. 307–312.

Otten J. and Kreitz C. [1995], A connection based proof method for intuitionistic logic, in P. Baumgartner, R. Hähnle and J. Posegga, eds, ‘Theorem Proving with Analytic Tableaux and Related Methods’, Vol. 918 of LNAI, Springer Verlag, Berlin, pp. 122–137.

1576 Arild Waaler

Otten J. and Kreitz C. [1996], T-String-Unification: Unifying Prefixes in Non-Classical Proof Methods, in U. Moscato, ed., ‘5^{th} Workshop on Theorem Proving with Analytic Tableaux and Related Methods’, Vol. 1071 of LNAI, Springer–Verlag, Berlin, pp. 244–260.

Otten J. and Kreitz C. [2001], Towards efficient prefix unification in non-classical theorem proving, Technical Report AIDA–00–03, Intellectics Group, Darmstadt University of Technology.

Pinto L. and Dyckhoff R. [1995], Loop-free construction of counter-models for intuitionistic propositional logic, in Behara, Fritsch and Lintz, eds, ‘Symposia Gaussiana, Conf. A’, Walter de Gruyter & Co, pp. 225–232.

Prawitz D. [1960], ‘An improved proof procedure’, Theoria 26, 102–139. Pym D. and Wallen L. [1990], Investigations into proof-search in a system of first-order dependent function types, in M. Stickel, ed., ‘Tenth Conference on Automated Deduction, Lecture Notes in Computer Science 449’, Springer-Verlag, pp. 236–250.

Robinson J. [1965], ‘A machine oriented logic based on the resolution principle’, J.of the ACM 12(1), 23–41.

Sahlin D., Franzén T. and Haridi S. [1992], ‘An Intuitionistic Predicate Logic Theorem Prover’, Journal of Logic and Computation 2(5), 619–656.

Schütte K. [1968], Vollständige Systeme modaler und institutionistischer Logik, Vol. 42 of Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer Verlag, Berlin.

Schwichtenberg H. and Troelstra A. [1996], Basic proof theory, Vol. 43 of Cambridge tracts in theoretical computer science, Cambridge University Press, Cambridge.

Shankar N. [1992], Proof search in the intuitionistic sequent calculus, in D. Kapur, ed., ‘Proceedings of 11th International Conference on Automated Deduction’, Vol. 607 of Lecture Notes in AI, Springer Verlag, Berlin, pp. 522–536.

Smullyan R. [1968], First-Order Logic, Springer-Verlag, New York.

Statman R. [1979], ‘Intuitionistic logic is polynomial-space complete’, Theor. Comp. Science 9, 73–81.

van Dalen D. [1986], Intuitionistic logic, in D. Gabbay and F. Guenthner, eds, ‘Handbook of Philosophical Logic’, Vol. III, D. Reidel Publishing Company, pp. 225–339.

Voronkov A. [1996], Proof search in intuitionistic logic based on constraint satisfaction, in ‘Proc. 5th TABLEAUX’96’, Vol. 1071 of LNAI, Springer–Verlag, Berlin, pp. 312–329.

Waaler A. [2001], A sequent calculus for intuitionistic logic with classical permutation properties, Technical Report 285, Department of Computer Science, University of Oslo.

Waaler A. and Wallen L. [1999], Tableaux for intuitionistic logics, in M. D’Agostino, D. Gabbay, R. Hähnle and J. Posegga, eds, ‘Handbook of Tableaux Methods’, Kluwer Academic Press, Dordrecht, pp. 255–296.

Wallen L. [1987], Matrix proof methods for modal logics, in J. McDermott, ed., ‘10th International Joint Conference on Artificial Intelligence’, Morgan Kaufmann Inc., pp. 917–923.

Wallen L. [1990], Automated deduction in nonclassical logics, MIT Press.

Index

Symbols

D(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1548 D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 U . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1530 β^+/β^− . . . . . . . . . . . . . . . . . . . . . . . . 1514, 1572 δ^{++} –rule . . . . . . . . . . . . . . . . . . . . . . 1500, 1515 ⊩ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1530 ≫ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1511 ι . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1539 |= . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 ≺ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1522 ⊳ . . . . . . . . . . . . . . . . . 1511, 1530, 1547, 1570 ρ^+/ρ^− . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1539 ⊐_I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1547 ⊐_M . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1570 ⊐_Q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1547 ⊐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1511 ε . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1519 ^Z . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1522 LM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1533 A ancestor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1499 antecedent . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 axiom

classical system . . . . . . . . . . . . . . . . . 1500 intuitionistic system . . . . . . . . . . . . . 1529 modal systems . . . . . . . . . . . . . . . . . . 1557 B Barcan formula . . . . . . . . . . . . . . . . . . . . . .1555 belong to . . . . . . . . . . . . . . . . . . . . . . 1498, 1529 binding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 branching degree . . . . . . . . . . . . . . . . . . . . 1535 C collector set . . . . . . . . . . . . . . . . . . . . . . . . . 1539 common point derivation . . . . . . 1534, 1561 conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . .1497 connection . . . . . . . . 1492, 1495, 1500, 1506 constant domain model . . . . . . . . . . . . . .1555 contextual equivalents . . . . . . . . . . . . . . . 1499 contraction . . . . . . . . . . . . . . . . . . . . . . . . . . 1498 Converse Barcan formula . . . . . . . . . . . . 1555 copy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1562 cpd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1534 cumulative domain model . . . . . . . . . . . 1555 Cumulativity condition . . . . . . . . 1546, 1550

D derivation . . . 1529, 1533, 1547, 1557, 1565 descendent . . . . . . . . . . . . . . . . . . . . . . . . . . 1499 domain constraint . . . . . . . . . . . . . . . . . . . 1527 domain set . . . . . . . . . . . . . . . . . . . . . . . . . . 1527 duplication set . . . . . . . . . . . . . . . . . . . . . . 1505 E empty labelled sequent . . . . . . . . . . . . . . 1522 endpoint

intuitionistic system . . . . . . . . . . . . . 1535 modal systems . . . . . . . . . . . . . . . . . . 1562 extra formulae . . . . . . . . . . . . . . . . . . . . . . 1498 F formula

atomic . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 closed . . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 labelled . . . . . . . . . . . . . . . . . . . . . . . . . 1522 occurrence . . . . . . . . . . . . . . . . . . . . . . 1497 propositional . . . . . . . . . . . . . . . . . . . . 1496 free variable LK . . . . . . . . . . . . . . . . . . . . . 1498 G generative occurrence . . . . . . . . . .1502, 1505 I implementation . . . . . . . . . . . . . . . 1516, 1542 inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 belongs to a term . . . . . . . . . 1498, 1529 parameter–labelled . . . . . . . . . . . . . . 1529 variable–labelled . . . . . . . . . . . . . . . . 1529 K K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1554 Kripke model

intuitionistic logic . . . . . . . . . 1530, 1548 modal logic . . . . . . . . . . . . . . . . . . . . . 1555 L label . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1568 label interpretation function

intuitionistic logic . . . . . . . . . 1530, 1548 modal logic . . . . . . . . . . . . . . . .1556, 1566 label substitution . . . . . . . . . . . . . . . . . . . .1522 labelled systems . . . . . . . . . . . . . . . . . . . . . 1517 LJ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516, 1550 M matrix . . . . . . . . . . . . . . . . . . . . . . . . 1505, 1506

1578 Arild Waaler

matrix provable

classical logic . . . . . . . . . . . . . . . . . . . .1506 intuitionistic logic . . . . . . . . . . . . . . . 1532 modal logic . . . . . . . . . . . . . . . . . . . . . 1559 model

classical logic . . . . . . . . . . . . . . . . . . . .1497 intuitionistic logic . . . . . . . . . 1530, 1548 modal logic . . . . . . . . . . . . . . . .1556, 1566 Monotonicity condition . . . . . . . . . . . . . . 1530 multiplicity . . . . . . . . . . . . . . . . . . . . . . . . . 1505 N Neighbourhood condition . . . . . . . . . . . . 1558 O open–ended sequent . . . . . . . . . . . . . . . . . 1537 P parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 parameter function . . . . . . . . . . . . . . . . . . 1496 parameter–labelled inference . . . . . . . . 1529 path . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1504 permutation variant . . . . . . . . . . . . . . . . . 1508 point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1534 copy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1562 owns an inference . . . . . . . . . . . . . . . 1534 prefix term . . . . . . . . . . . . . . . . . . . . 1522, 1568 prefix variable . . . . . . . . . . . . . . . . . 1519, 1522 prefixed systems . . . . . . . . . . . . . . . . . . . . .1517 premiss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 principal formula . . . . . . . . . . . . . . . . . . . . 1498 proof . . . . . . . . 1500, 1529, 1533, 1547, 1565 propositional fragment . . . . . . . . . . . . . . 1496 Q quantifier substitution . . . . . . . . . . . . . . . 1496 quantifier variable . . . . . . . . . . . . . . . . . . . 1496 R reduction ordering

classical logic . . . . . . . . . . . . . . . . . . . .1511 intuitionistic logic . . . . . . . . . 1530, 1547 modal logic . . . . . . . . . . . . . . . . . . . . . 1570 reduction rules . . . . . . . . . . 1503, 1532, 1559 reduction sequence . . . . . . . . . . . . . . . . . . 1504 refutation tree . . . . . . . . . . . . . . . . . . . . . . .1538 S S4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1554 S5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1554 search procedure

classical logic . . . . . . . . . . . . . . 1513, 1515 intuitionisitic logic . . . . . . . . . . . . . . 1536 modal logic . . . . . . . . . . . . . . . . . . . . . 1561 sequent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 labelled . . . . . . . . . . . . . . . . . . . . . . . . . 1522 open–ended . . . . . . . . . . . . . . . . . . . . . 1537 side formulae . . . . . . . . . . . . . . . . . . . . . . . . 1498 signed formula . . . . . . . . . . . . . . . . . . . . . . 1502 single step system

intuitionistic logic . . . . . . . . . . . . . . . 1550 modal logic . . . . . . . . . . . . . . . .1549, 1567 skeleton

balanced . . . . . . . . . . . . . . . . . . . . . . . . 1507 classical . . . . . . . . . . . . . . . . . . . . . . . . . 1498 conforms to . . . . . . . . . . . . . . . . . . . . . 1511 intuitionistic . . . . . . . . . . . . . . . . . . . . 1529 modal . . . . . . . . . . . . . . . . . . . . . . . . . . . 1557 variable–pure . . . . . . . . . . . . . . . . . . . .1501 variable–sharing . . . . . . . . . . . . . . . . . 1501 Skeleton condition

classical system . . . . . . . . . . . . . . . . . 1500 nonclassical systems . . . . . . . . . . . . . 1529 Skolem function . . . . . . . . . . . . . . . . . . . . . 1498 spanning set . . . . . . . . . . . . . . . . . . . . . . . . 1506 splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1515 substitution

L–admissible . . . . . . . . . . . . . . . . . . . . 1557 homogeneous . . . . . . . . . . . . . . 1511, 1570 idempotent . . . . . . . . . . . . . . . . . . . . . . 1496 label . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1546 projection . . . . . . . . . . . . . . . . . . . . . . . 1546 quantifier . . . . . . . . . . . . . . . . . 1496, 1546 uniform . . . . . . . . . . . . . . . . . . . . . . . . . 1513 succedent . . . . . . . . . . . . . . . . . . . . . . . . . . . 1497 T tableau . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1502 term

ground . . . . . . . . . . . . . . . . . . . . . . . . . . 1496 labelled standard . . . . . . . . . . 1546, 1568 prefix . . . . . . . . . . . . . . . . . . . . . 1522, 1568 standard . . . . . . . . . . . . . . . . . . . . . . . . 1496 U unifier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1496 universal variables . . . . . . . . . . . . .1515, 1544 universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1530 V variable set . . . . . . . . . . . . . . . . . . . . . . . . . .1513 variable–labelled inference . . . . . . . . . . . 1529 variable–pure skeleton . . . . . . . . . . . . . . . 1501 variable–sharing skeleton . . . . . . . . . . . . 1501 varying domain model . . . . . . . . . . . . . . . 1555 W weakening . . . . . . . . . . . . . . . . . . . . . . . . . . . 1498